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CHAPTER 1 



Introduction 

1.1. Summary of results 

Let M be a smooth, closed, finite-dimensional, oriented manifold, and denote by A4 
the Frechet manifold of smooth Riemannian metrics on M. There is a natural Riemannian 
metric on Ai called the metric and denoted by (•, •). It is the primary goal of this thesis 
to give a description of the completion of (A^, (•,•))• There are three main results we will 
summarize here. The first is the following: 

Theorem. With the Riemannian distance function d induced from (•,•), {M,d) is a 
metric space. 

This is indeed a theorem that needs proving, as the metric on A4 is an example of 
a so-called weak Riemannian metric. This means that the tangent spaces of M are not 
complete with respect to (•,•), and so many general theorems from the usual theory of 
Riemannian Hilbert manifolds do not hold. In this theory, typically only so-called strong 
metrics are considered, with respect to which the tangent spaces are complete. Of course, 
for a strong Riemannian Hilbert manifold, the Riemannian metric induces a metric space 
structure on the manifold. However, for weak Riemannian manifolds, there are examples 
(cf. [36], |37j ) where this does not hold, as the distance between some points may be zero. 
Therefore, one must explicitly prove that a given weak Riemannian manifold is a metric 
space. 

Given a metric space structure on 7W, we know that it has a completion, and the second 
result — which can be seen as the main result of the thesis — gives a concrete description 
of this. Let A4f denote the set of semimetrics on M (i.e., sections of the bundle S'^T*M 
that induce a positive semidefinite scalar product on each tangent space of M) that have 
measurable coefficients and finite volume. Define an equivalence relation on j by saying 
9o ~ 91 if the following statement holds for almost every x G M: if go{x) and gi{x) differ, 
then both go{x) and gi{x) fail to be positive definite. If we let M. denote the completion 
of M with respect to (•, •), then: 

Theorem. There is a natural bijection Q : Ai ^ Aif/^ that is the identity when 
restricted to M C M. 

This completion fits in with the general philosophy that in order to complete a space 
of objects, one must allow objects of a somewhat more general type. Note that we start 
with smooth metrics, yet in order to complete Ai, we must add in points corresponding to 
metrics with far worse properties. This essentially arises from the fact that the metric — 
as its name implies — induces the topology on the tangent spaces oiAi, which themselves 
only consist of smooth objects. Thus, the extreme incompleteness of the tangent spaces 
is reflected in the incompleteness of the space Ai itself. 

The final result we describe here is an application of the completion of At to Te- 
ichmiiller theory. If the base manifold M is additionally assumed to be a Riemann surface 
of genus larger than one, then the Teichmiiller space T of M can be identified with the 
space of conformal classes of metrics on M modulo Dq, by which we denote the diffeo- 
morphisms of M that are homotopic to the identity. Let M he a smooth submanifold of 
At which is invariant under the action (by pull-back) of the diffeomorphism group, and 
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which contains exactly one representative from each conformal class. Then we have a dif- 
feomorphism T = M/Vq, and the metric restricted to M induces a Riemannian metric 
on T. As a corollary of the last theorem, we have: 

Theorem. Each point in the completion of T with respect to the Riemannian metric 
described above can be identified with an element of J^fj^. This identification is not 
unique. 

The metrics on T we have just constructed generalize the Weil-Petersson metric on Te- 
ichmiiller space, and this theorem generalizes what is already known about the completion 
of Teichmiiller space with respect to the Weil-Petersson metric. 

1.2. Motivation 

The original motivation for studying this problem comes from Teichmiiller theory, and 
that is why this application in particular is given. Let us describe how our considerations 
arose from similar ones in Teichmiiller theory. 

As above, let the base manifold M be a Riemann surface of genus greater than one. 
Consider the group V of positive functions on M; it acts on M by pointwise multiplication. 
The quotient space Ai/V is a smooth manifold, called the manifold of conformal classes 
on M. Furthermore, the pull-back action of a diffeomorphism on M descends to an action 
on M/V. 

Fischer and Tromba |55| have given a description of Teichmiiller space T in this 
context. They show that there exists a diffeomorphism 

r ^ {M/V)/Vo. 

Thus, Teichmiiller theory can be considered, in their words, in a "purely Riemannian" 
way. 

A crucial step in Fischer and Tromba's approach is using the Poincare uniformization 
theorem to show a diffeomorphism between M/V and the space M-i of hyperbolic metrics 
(those with constant scalar curvature —1) on M. By the Poincare uniformization theorem, 
there exists exactly one hyperbolic metric in each conformal class on M. Thus, Teichmiiller 
space can just as well be described as 

The advantage of using is that the submanifold C is easier to work with 

than the quotient space M/V. Furthermore, the above construction allows us to define a 
metric on Teichmiiller space by first restricting the metric to M-i and then looking 
at the metric it induces on the quotient M-i/T)q^ and of course also on T. The metric 
thus defined coincides, up to a constant scalar factor, with the well-known Weil-Petersson 
metric on Teichmiiller space. 

The Weil-Petersson metric has been the object of much study, and its completion has 
very interesting properties. Wolpert [56] and Chu |7] independently proved that it is 
incomplete, as there are geodesies that cannot be indefinitely extended — in finite time, 
they hit a singular limit surface. 

Masur |i33j computed the asymptotics of the Weil-Petersson metric as one approaches 
the boundary of Teichmiiller space. He did so in order to describe an extension of the 
metric to the completion of Teichmiiller space. The completion of Teichmiiller space with 
respect to the Weil-Petersson metric also induces a compactification of the moduli space of 
M, and this compactification coincides with the Deligne-Mumford compactification, which 
arises in the context of algebraic geometry Thus, the Weil-Petersson metric links the 
differential geometric and algebraic geometric approaches to moduli space, which on the 
surface seem quite disparate. 
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Habermann and Jost [22], [23' later generalized the Weil-Petersson metric in the 
following way. The correspondence between Ai/V and A4-i is basically given by the fact 
that Ai-i is a smooth global section of the principal P-bundle 

M -^M/V. 

The question that naturally arises is, what if one were to take a different section of this 
bundle? To retain the correspondence with Teichmiiller and moduli space, the section 
should be smooth and invariant under the diffeomorphism group, but as long as these 
requirements are satisfied, any section will give a metric on Teichmiiller space. Note that 
though we take direct inspiration from Habermann and Jost, the authors did not treat 
this exactly the same way as we described in Section but rather retained some of the 
structures from the complex analytic definition of Teichmiiller space (described, e.g., in 
|26j ). The construction we described in Section is, in the spirit of Fischer and Tromba, 
a purely Riemannian one, and it was chosen primarily because it allows us to directly apply 
our main result. The differences between our construction and that of Habermann and 
Jost are described in Chapter [6j 

In |22] , Habermann and Jost first considered the section given by the so-called Bergman 
metric in each conformal class. They gave a description of the completion of Teichmiiller 
space with respect to their generalization of the Weil-Petersson metric for this special 
case. In [23], they considered all possible choices of sections, giving a sufficient analytic 
criterion for incompleteness of their generalized Weil-Petersson metric. 



Thus, our application as described in Section 1.1 is in the same spirit as the papers 
of Habermann and Jost, and we expect that our theorems will have other, similar appli- 
cations, especially to Teichmiiller theory. That we have nevertheless chosen to prove the 
other main results listed in Section |1.1| for base manifolds of all dimensions and topologies 
has various reasons. First, the generalization to arbitrary dimension was mostly straight- 
forward. Second, the manifold of Riemannian metrics on an n-dimensional manifold arises 
in various other contexts, and it is possible that our theorems might find applications there. 
The manifold of metrics has been considered in general relativity by, e.g., DeWitt jlOj. 
Furthermore, critical points of functionals on the manifold of metrics have been used to 
determine "best metrics" on a given base manifold — for a nice survey of this topic with 
compendious references, see [[2J Ch. 11]. Finally, the manifold of metrics is itself of great 
intrinsic interest, as it exhibits interesting geometry. We will review the work that has 
been done on this last aspect in the next section. 

1.3. Overview of previous work 

Geometric structures on the manifold of metrics were perhaps first considered by 
DeWitt [10 , who, as mentioned above, was interested in applications to general relativity. 
The metric on Ai considered by DeWitt is quantitatively similar to the metric, but 
has different signature. 

Ebin shortly thereafter used the metric on Ai to obtain local slices for the 
action of the diffeomorphism group on Ai. He used this, for one, to obtain results about 
the topology of so-called superspace, which is the quotient Ai/T> of Ai by the group T> of 
smooth, orientation-preserving diffeomorphisms of M. Superspace can be viewed as the 
space of Riemannian geometries on M. Ebin also used his slice theorem to show that the 
set of metrics Ai' with trivial isometry group is an open, dense subset of Ai. 

Later, Freed and Groisser |19] studied the basic geometry of Ai with the L? metric. 
They computed the curvature and geodesies of Ai and two related manifolds, the sub- 
manifold Ai^ C 7W of metrics inducing a fixed volume form ji, and the manifold V of 
smooth volume forms on M. Additionally, Freed and Groisser used their results to study 
the curvature and geodesies of the quotient manifold Ai' /T), where Ai' is again the set of 
metrics with trivial isometry group. 
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Gil-Medrano and Michor [201 generalized the results of Freed and Groisser on A4 
to the case of base manifolds M that are not necessarily compact. Though the Ricci 
and scalar curvature of Ai cannot be defined in the usual way, they define and compute 
curvatures on Ai which they call "Ricci-like" and "scalar-like" curvature. Moreover, Gil- 
Medrano and Michor give a detailed analysis of the exponential mapping, which serves 
as an excellent illustration of the problems that can arise when considering weak instead 
of strong Riemannian manifolds. They also prove the existence and uniqueness of Jacobi 
fields on M, and give an explicit expression for these fields. 

A generalized version of |i20j is the paper [21' by Gil-Medrano, Michor, and Neuwirther. 
The results of this paper are also given in [29, §45] . 

We will rely heavily on the work of the above-mentioned authors and are indebted to 
all of them for laying the foundations upon which this thesis is built. 



1.4. Outline of the thesis 

The thesis is arranged as follows. In Chapter [2] we summarize the preliminary knowl- 
edge necessary to carry out and understand the work that we will do in the remainder 
of the thesis. We begin with a discussion of the completion of a metric space, which is 
meant to recall fundamental results on this topic and collect all the facts we will need into 
a coherent form. Following that, we give the definition of Frechet manifolds. This is the 
category in which we will work, and we describe how spaces of smooth mappings, like Ai, 
can be viewed as Frechet manifolds. We then go over a few somewhat nonstandard facts 
from Riemannian geometry for which we could find no complete reference. 

In Chapter ^ we also discuss weak Riemannian manifolds, a class of manifolds that 
includes (•,•)), as we already mentioned. In particular, we sketch an example by 
Michor and Mumford [37j of the potentially pathological properties of such manifolds, 
as well as giving our own proofs of some standard results from the theory of Riemannian 
Hilbert manifolds that we have weakened so that they hold for weak Riemannian manifolds 
as well. With knowledge of these structures at hand, we then go into details on the 
manifold of metrics itself, more explicitly describing many of the previously known facts 
mentioned in Section 1.3 Chapter |2] closes with a list of conventions and notation that 



we use throughout the thesis. 

In Chapter |3] we begin by proving the first of the main results given in Section 
namely that Ai with its metric has the structure of a metric space. One of the steps 
in this proof, which is also of use in later chapters, is the fact that the function on Ai 
assigning to a metric the square root of its total volume is Lipschitz. The second half 
of the chapter initiates the study of the completion of {Ai, {■,■)), where we first try to 
complete "nice" subspaces of Ai . We show that if we take a subset of metrics satisfying 
certain uniformity conditions, then the completion of such a subset with respect to (•, •) 
coincides with its completion with respect to the norm (not to be confused with the 
metric). This fact is used as a springboard for our further investigations of the completion. 

The completion of a metric space is a quotient space of the set of Cauchy sequences in 
the space. Since we wish to identify Ai with (a quotient of) the space Aif measurable, 
finite- volume, positive semidefinite sections of S'^T* M, we need a rigorous notion for how 
a Cauchy sequence in Ai converges to an element Aij. This notion, which we call 
w-convergence, is described in Chapter |4j where we prove that every Cauchy sequence in 



Ai subconverges to a unique element of Aif (cf. Section 1.1). This allows us to define 



the map Q, : Ai ^ Aif mentioned in Section 1.1 as well as to show that $7 is an injection. 



This chapter is the most technically challenging of the thesis. 

In the definition of w-convergence, we basically have pointwise convergence of the 
metrics in a Cauchy sequence {gt} almost everywhere, with the exception that on any set 
E with \o\{E,gk) — > 0, there is no convergence required and none can be asked for. The 
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reason for this is the following proposition, which is in our eyes one of the most striking 
and unexpected results of the thesis: 

Proposition. Suppose that go,gi £ M, and let E := carr(5ri - go) = {x e M \ 
go{x) 7^ gi{x)}. Let d he the Riemannian distance function of the metric (•, •). Then 
there exists a constant C{n) depending only on n := diniM such that 

d{go,gi) < C{n) (^Vol(i?,5o) + V^ol{E,gi) 

In particular, we have 

diam({5 G M \ \ol{M,g) < 6}) < 2C{n)V5. 

The surprising thing about this proposition is that it says that two metrics can vary 
wildly, but as long as they do so on a set that has small volume with respect to each, they 
are close together in the metric. For example, if M = T^, the two-dimensional torus, 
with its standard chart ([0, 1] x [0, 1] with edges identified), we consider the metrics 

10 \ /lO^o 



By the above proposition, these two very different metrics satisfy d{go,gi) < C(n)/100, 
simply because they define tori with small volume. The difference between the geometries 
defined by go and gi is depicted very qualitatively in Figure [T] 

The above proposition is the reason why, in the second theorem of Section |1.1[ we 
identify M with a quotient space of the space Mf ol semimetrics with measurable coeffi- 
cients and finite volume, instead of A^/ itself. The reasons for this are discussed in more 
detail in Chapter [4| 

In Chapter [5| we complete the proof of the second main result of Section [TTTJby showing 
that the map O : — > j is a surjection. Combined with the already mentioned results 
of Chapter |4] we thus see that is a bijection, proving the main result on the completion 
of 7W. 

Finally, in Chapter |6] we give a more detailed overview of the aspects of Teichmiiller 



theory mentioned in Section 1.2 One novelty of our presentation of this well-tread area 
of mathematics is a compact and relatively elementary proof of the existence of horizontal 
lifts for the principal bundle A^_i — > M-i/Dq. We note, though, that this existence has 
been long-known to experts in the field. 

After presenting the known facts about Teichmiiller theory and the Weil-Petersson 
metric that we need, we give the generalizations of the Weil-Petersson metric mentioned 
in Section |1.1[ rigorously stating and proving the result on the completion of Teichmiiller 
space with respect to these metrics. 
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At this point, we would like to draw the reader's attention to two reading aids that 



should help to avoid confusion. First, on page 125 we lay out the relations between the 



various Riemannian metrics, distance functions and convergence notions used in the thesis. 



The second aid is the list of symbols on page 127 where we have attempted to include 
all symbols used with any frequency throughout the text. We hope that that these two 
guides provides the reader with at least a trail of bread crumbs to avoid getting lost while 
navigating the thesis. 

1.5. Outlook 

We have given just one application of the main result of our thesis, the application 
to Teichmiiller theory. However, we envision more applications to arise in the future, in 
particular applications to determining the completion of superspace M/T), the space of 



Riemannian geometries on M mentioned in Section 1.3 



In particular, the metric is invariant under the pull-back action of the group D 



of orientation-preserving diffeomorphisms of M (see Section 6.1.21, and so it induces a 
well-defined distance function on the quotient. Note that we do not get a Riemannian 
metric, since the quotient is a singular space due to non-freeness of the P-action at any 
metric with nontrivial isometry group. Of course, we nevertheless hope that information 
about the completion of M can lead us to information about the completion oi M/V. 

These results are not immediate, however, for a number of reasons. The simple fact 
that 7W is a metric space does not necessarily imply that the orbit space M/T> carries a 
metric space structure as well — the induced distance function may only be a pseudometric, 
as a priori two P-orbits may be infinitesimally close to one another. The singular nature of 
M-jT) makes it difficult to relate distances on M/T) to those on M. Here, the existence of 
Ebin's slice might be helpful. Alternatively, one could adopt the philosophy analogous 
to using Teichmiiller space for studying moduli space and first study an intermediate, 
smooth space like Fischer's resolution of the singularities ol M/T> (14j . 

These considerations are, however, extremely preliminary, and are merely given to 
illustrate one potential future direction this work might lead us in. 



CHAPTER 2 



Preliminaries 



In this chapter, we define and explore the concepts necessary to carry out the main 
body of the work. The chapter is structured as follows: 



We go over the most basic material in Section 2.1 where we briefly recall the definitions 
and fundamental facts regarding completions of metric spaces. We also give an alternative 
definition of the completion of a metric space that is more suited to studying Riemannian 
manifolds. 



We give a definition of Frechet manifolds in Section 2.2 , since this will be the category 
in which we work. We go into depth on the class of Frechet manifolds that plays the 
greatest role in global analysis, that of manifolds of mappings (actually, manifolds of 
sections of finite-dimensional fiber bundles). 



In Section 2.3 we briefly review some of the geometry that will be needed for the 
subsequent portions of the thesis. 

We then generalize the notion of a Riemannian metric to Frechet manifolds in Section 



2.4 In particular, we are interested in so-called weak Riemannian metrics on Hilbert and 
Frechet manifolds, as the L? metric on the manifold of metrics is such an object. Weak 
Riemannian metrics are, as we will argue, fundamental objects in global analysis, though 
the lack of a good general theory for them makes their study more difficult than the tamer 
strong Riemannian manifolds. With some notable exceptions, the research on weak Rie- 
mannian manifolds focuses on studying specific cases, and the difficulties arising from the 
weak nature of the metrics are often only implicit. General results on weak Riemannian 
manifolds are often given without proof, as the statements are typically just a weakening 
of the corresponding statements for strong Riemannian manifolds. Nevertheless, we felt a 
precise treatment was appropriate for this work. Therefore, at the end of Section 2.4 we 
present some results which are relatively straightforward generalizations of analogous re- 
sults for strong Riemannian manifolds — though necessarily weaker — and which the author 
has not found explicitly proved anywhere else in the literature. 

The study of weak Riemannian metrics will allow us to define the Riemannian manifold 
Ai of Riemannian metrics in Section [2. 5[ as well as to discuss what is already known about 
this manifold, in particular what is already known about its metric geometry. For example, 
we will give a description of its exponential mapping and discuss its curvature. We will 
also discuss two important classes of submanifolds, the orbits of the conformal group (i.e., 
the group of positive functions) and the manifolds of metrics that induce the same volume 
form. 



Finally, we end the chapter with Section 2.6 which describes the nonstandard conven- 



tions that will be in place throughout the text. 

2.1. Completions of metric spaces 

In this short section, we look at completions of metric spaces. We will simply state the 
definition and explore a couple of consequences of it, then give an alternative, equivalent 
viewpoint for path metric spaces. 

For the rest of the section, let (X, 5) be a metric space. 

Recall that X is called complete if every Cauchy sequence converges. Even if X is 
incomplete, there is a very natural way to construct a complete space from X. The basic 
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idea is that if we want a space in which every Cauchy sequence converges, then we should 
replace X with a space in which each point represents a Cauchy sequence in X. Then 
each Cauchy sequence in this new space "converges to itself" in a certain sense. This idea 

can be made more precise as follows. 

— pre 

The precompletion of {X, 6) is the set {X, 6) , usually just denoted by X , consisting 
of all Cauchy sequences of X, together with the distance function 

S{{xk},{yk}) ■= lim S{xk,yk)- 

fc— >oo 

(We denote the distance function of the precompletion of a space using the same symbol 
as for the space itself; which distance function is meant will always be clear from the 
context.) We claim that S is well-defined by the above definition, as 5{xk, yk) is a Cauchy 
sequence in M, so the limit exists. To see this, choose K large enough that k,l > K implies 

6{xk,xi) < e/2 and 6{yk,yi) < e/2. Then 

S{xi,yi) < 6{xi, Xk) + 6{xk,yk) + 6{yk, yi) < Kxk,yk) + e, 

and similarly with k and / swapped, showing \5{xk-,yk) — ^{xi^yi)\ < e. 

It is immediate from the definition that S defines a pseudometric on X^^^ (i.e., S 
satisfies all properties of a metric except that two distinct points may have ^-distance zero 
from one another). Therefore, as with any pseudometric space, we can define a metric 
space by declaring all points with distance zero from one another to be equal. In this case, 
the resulting space X is called the completion of X. In symbols, its definition is 

X := X^'y^, 

where ~ is the equivalence relation defined by 

(2.1) {xk} ~ {Vk} ^ S{{xk}, {Vk}) = 0. 

Of course, we wouldn't call it the completion if we didn't have good reason to. The 
next theorem proves this and shows two other important properties of the completion X 
of X. 

Before we state the theorem, we simply remark that if {xk} is a Cauchy sequence in 
X and {xki} is a subsequence, then clearly {xki} ^ {xk}- Thus, given an element of the 
precompletion of X, we can always pass to a subsequence and still be talking about the 
same element of the completion. 

Theorem 2.1. The completion X of X has the following properties: 

(1) X is a complete metric space. 

(2) The canonical embedding of X into X mapping a point x to the constant sequence 

{x} is an isometry, and the image of X is a dense suhspace of X. 

(3) Any uniformly continuous function f : X ^ Y, where Y is a complete metric 
space, has a unique extension to a uniformly continuous function on X. 

Proof. To prove (1), let any Cauchy sequence [{a;),}] in X be given. The index I is 
meant to be the index in X, while k is meant to be the index in X. Thus, for each fixed I, 
is a Cauchy sequence in X with index k. The square brackets in the above represent 
that each element of X is an equivalence class of Cauchy sequences. 

We claim that [{x^}] converges to the equivalence class of the diagonal sequence {a;^}; 
that is, for any e > 0, we can find representatives {x^.} G [{xl}] and M G N such that 
I > M implies 

S{{xi},{xt})= lira 6{xi,x'l)<e. 

fc— »oo 

To put it one last way, given e > 0, we must find an M such that for each I > M, there 
exists N £N such that for k> N, 

(2.2) 6{xi,xt)<e. 
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Choose any representatives {x^,} G [{2;^}]; by passing to subsequences if necessary, we 
can assume that for each I £N, k,n > K imphes that 

(2.3) d{xi,xl)<2-^ 

Let's fix a particular K that is large enough that 2-^ < e/3. 

Now, since {2;^} is a Cauchy sequence, we can find M > K such that if Z,m > M, 
then 

(2.4) (5(K},{xn) = lim <5(xt,xn < e/6. 



Now simply set := M, and let k,l > M = N he given. By ( |2.4[ ), we can find R e N 
such that r > R implies 

(2.5) 5(3;^,x^) < e/3. 

Thus, by the triangle inequality, \i k,l > M = N and r > R, 

S{xi,xl) < 5{xi, xi) + 6{xi, x^) + 5{x^,xl) < e, 

where we have used (2.5) to estimate the middle term and (2.3) to estimate the two other 
terms. As this proves (2.2), statement (1) is shown. 
Statement (2) is not difficult, since 

K{x}Ay})= lim ^{x,y) = S{x,y), 

and to find a constant sequence arbitrarily close to any Cauchy sequence, we can simply 
take an appropriate element of said sequence. 

As for statement (3), this follows directly from (2) and the fact that a uniformly con- 
tinuous function / on a dense subset A of a metric space X always has a unique uniformly 
continuous extension to the entire space, provided the target space Y is complete. This 
fact is readily verified by noting that a uniformly continuous function maps Cauchy se- 
quences to Cauchy sequences. The extension of the function to a point x G X\yl is defined 
as follows. Take any sequence x^ ^ x. This is then a Cauchy sequence in X, so {/(x^)} 
is a Cauchy sequence in Y. But Y is complete, so we can define /(x) := lim/(xfc). It is 
straightforward to check that the extension thus defined is uniformly continuous. □ 

Recall that a path metric space is a metric space for which the distance between any 
two points coincides with the infimum of the lengths of curves joining the two points. 
Given this definition, we expect that there be a description of the completion of a path 
metric space that uses curves instead of Cauchy sequences, and indeed this is so. Before 
we give it, though, let's give the definition of a path metric space in more detail. 

Let a : [0, 1] — > X be a continuous path, and let = < t2 < • • • < = 1 be 
any finite partition of the interval [0, 1]. Then the length of the polygonal path given by 
{a(ti), . . . , a{tn)} is defined to be 

n-l 

Lt^,...,t„ia) :=^6{a{tk),a{tk+i)). 

k=l 

Finally, we define the length of a to be 

L(a) := sup{Lti,...,t„(a) | (ti, . . . ,tn) is a partition of [0, 1]}. 

We take the supremum since as we add vertices to a polygonal path, i.e., improve the 
approximation of a, the triangle inequality implies the lengths of the polygonal paths are 
nondecreasing. Thus, this definition will match up with, say the length of a differentiable 
path in a Riemannian manifold. 

We call a path a with L(a) < 00 rectifiable and say that (X, 6) is a path metric space 
if for any x,y £ X, 

5{x,y) = inf{L(a) | a is a rectifiable curve joining x and y}. 
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If the domain of a is an open interval, e.g., (0, 1), then we define the length of a to be 

L{a) := liniL(a| [ !_,]), 

e— >U 

and similarly if the domain is a half-open interval. We again call such a curve rectifiable 
if its length is finite. 

We will also call a rectifiable curve a finite-length path or simply a finite path. 

Given these definitions, we can formulate an alternate definition of the completion of 
a path metric space. Just as we can imagine a Cauchy sequence to be "open-ended" but 
convergent in some larger space containing X, we can imagine a path to be open on one 
end and view the path as representing its endpoint, which may or may not exist within 
X. 

Theorem 2.2. Let {X,5) be a path metric space. Then the following description of 
the completion of {X, 6) is equivalent to the definition given above. 

Define the precompletion X of X to be the set of rectifiable curves 

a : (0, 1] ^ X. 

It carries the pseudometric 

(2.6) (5(ao,ai) := lim6{ao{t), ai{t)). 

Then the completion of {X,5) is the metric space associated to X"^^^ . That is, 

X := XP"^7~, 

where ao ~ ai <^=^ 6{ao, ai) = 0. 



Proof. First, let's show that the limit in (2.6) exists — this will follow if, for every 
sequence tk — > 0, 5(ao(tfc), ai(tfc)) is a Cauchy sequence. But given e > 0, by rectifiability 
of the two curves, we can find G N such that k > K implies that 

-^^(ai|(OA]) < 
for i = 0,1. Thus, if A;, / > K, we have 

6{ao{tk),ai{tk)) < 5{ao{tk),ao{ti)) + 5{ao{ti),ai{ti)) + 5{ai{ti), ai{tk)) 
< 5{ao{ti),ai{ti)) + e. 

Doing the same computation with k and / swapped proves that 6{ao{tk),ai{tk)) is a 
Cauchy sequence. 

Now, to show equivalence of the two definitions, we demonstrate an isometry from 
the completion as defined using sequences to the completion as defined using paths. For 
completeness (excusing the pun), we also write down the inverse mapping of this isometry. 

So let a Cauchy sequence {xk} be given. Choose a subsequence {xki} (which, as 
previously noted, is equivalent to {xk}) such that 

oo 

(2.7) ^5{xki,Xki^J < oo. 

1=1 

Since X is a path metric space, we can choose paths ai joining Xki and Xki^-^ such that 
L{ai) < 26{xki, Xki^^). Then the concatenated path 

"{i^fcj := ai * "2 * "3 * • • • 

is rectifiable. 

To get a Cauchy sequence from a curve a : (0, 1] X, simply take any monotonically 
decreasing sequence \ in (0, 1] and define 

Xfc := a{tk). 
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Then it is easy to see that finite length of a impUes that j;^ is a Cauchy sequence, for 
given e > 0, we can find G N such that k> K imphes L(a|(o^t^]) < e. Thus I >k> K 
impHes 

To see that these two mappings are weh-defined on the completion, as defined via 
sequences on the one side and paths on the other, and to show that they are isometries, 
we need to show the following: 

(1) If {xk} and {yk} both satisfy \2.7\ (with Xk and yk, respectively, in place of Xfc,), 
then 5(a|3,^}, a{j^^}) = <5({xfe}, {yk}). 

(2) If a and /3 are equivalent finite paths and tk \ 0, then 5{{x'^} ,{x^}) = 0. 
Furthermore, different choices of sequences tfe \ give rise to equivalent Cauchy 
sequences. 

(3) If a is a finite path and tk \ 0, then ~ 

From (1), we see that {xk} i— > ^{xj.} is well-defined and an isometry from one completion 
to the other. From (2), it follows that a ^ {xk} is well-defined on the completions, and 
(3) implies that these two mappings are inverses of one another. 
To prove (1), reparametrize ajx^.} and a{j/j.} so that 

(2.8) a{^^}{l/k) = Xk and a{y^}{l/k) = yk- 

Let e > be given, and choose L G N such that 

oo oo 

X] ^ (^^i ^^h+i) < e/4 and ^ 5{yki ,yki+^) <e/4, 

l=L l=L 

SO that by the construction of a^^^y and a{y^.}, 

(2-9) L(a|^.^||(o,i/L]) < e/2 and L(a|j^^,||(o,i/L]) < e/2. 

Then for t<l/L, 

+ 6{a{y^}{l/L),a{y^y{t)) 

< ^{{xl}, {vl}) + ^(a{x;,}l[t,i/L]) + L{a{y^}\lt,i/L]) 
<S{{xL},{yL}) + e, 



where we have used (2.8) in the second inequality and (2.9) in the third. Similarly, one 
can prove that for t < 1/L, 

Si{xL},{yL}) < S{oi{x^:}it),a{y^}it)) + €. 

From the two above inequalities, it is easy to see that 

lim<5(a{xfe}(*),a{y^}(*)) = Jim S{xk,yk), 

as was to be proved. 

The proofs of (2) and (3) are very similar, yet simpler, and so we omit them. Besides, 
we have already proved the statement of the theorem, so these are just "bonus" statements 
about the inverse to the isometry {xk} ^ '^{x^:}■ D 

We are now equipped with all of the metric space tools we need to study the completion 
of the manifold of metrics. 
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2.2. Frechet manifolds 



The manifold of smooth metrics is itself a Frechet manifold, and so these will play an 
extremely important role in this work. However, we will not need to go into depth on 
Frechet manifolds. This is because the manifold of metrics is an extremely simple type of 
Frechet manifold, namely an open subset of a Frechet space. 

An excellent source on Frechet manifolds and the implicit function theorem in the cat- 
egory of Frechet spaces is [24], and this is our main reference for the first two subsections. 
For more in-depth and recent results on this and related categories, see [43|, which focuses 
mainly on Frechet Lie groups. 

After introducing Frechet spaces and Frechet manifolds, we will discuss a particular 
class of Frechet manifolds, namely manifolds of smooth mappings. The main result, which 
will allow us to define the manifold of metrics, is that if is a finite-dimensional manifold 
and -F is a finite-dimensional fiber bundle over N, then the set of C°° sections of F carries 
the structure of a smooth Frechet manifold. If F is a vector bundle, then the set of C°° 
sections has a linear structure, so it even forms a Frechet space. 

There is another category incorporating manifolds of smooth mappings, the so-called 
convenient setting [29j. This setting is highly developed and allows one to deal with more 
general spaces than Frechet spaces. We chose to use the Frechet category because we need 
only basic facts, and Frechet manifolds are the most familiar and simplest to introduce. 

So, without further delay, we get into the definitions. 

2.2.1. Frechet spaces. 

Definition 2.3. Let E he a vector space over a field K. A seminorm on is a 
function || • || : — > K with the following properties for all v,w £ E and A G K: 



Given a collection of seminorms {|| • ||j | i G /} on we can define a topology on E 
by declaring that a sequence or net {v^} converges to v if and only if ||u — for all 

i £ I. A locally convex topological vector space (or LCTVS) is a vector space together with 
a topology defined in this way. It happens that the topology of an LCTVS is metrizable 
if and only if it is defined by a countable collection of seminorms, and it is Hausdorff if 
and only if w = whenever \\v\\i = for all i £ I. In a metrizable LCTVS, it suffices to 
use sequences instead of nets when describing the topology via convergence. 

In a metrizable LCTVS, we call a sequence {vk} a Cauchy sequence if given any i £N 
and e > 0, we can find N{i, e) S N such that \\vk — vi\\i < e for all k, I > N(i, e). We call 
the space complete if every Cauchy sequence converges. 

With these preparations, we can make the following definition. 

Definition 2.4. A Frechet space is an LCTVS that is Hausdorff, metrizable and 
complete. 

For example, every Banach or Hilbert space is a Frechet space, with topology given 
by a single norm. For a more interesting example, consider the interval [0, 1] C M and 
the space C°°[0, 1] of smooth functions on this interval. If we give this space the topology 
defined by the norms. 



then C°°[0,1] becomes a Frechet space. The Hausdorff property and metrizability are 
clear, and completeness follows from the fact that C'^[0, 1] is a Banach space with the || • ||fc 



(1) 
(2) 

(3) 
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norm. Therefore, if a sequence is Cauchy in each || • norm, it converges to a function 
that is for each /c G N, i.e., a smooth function. 

Note that we could have also used the norms to define C°°[0, 1]. The proof that 
this defines a Frcchct space topology is the same, but we have to make the extra step 
of using the Sobolev embedding theorem to show that a Cauchy sequence converges to 
a smooth limit function. The advantage of using the norms is that they come from 
scalar products, which yields some extra structure to work with. However, the topology 
on C°°[0, 1] is the same as when we use the norms, which we can again see using the 
Sobolev embedding theorem. 

As suggested by the term locally convex topological vector space above, a Prechet 
space is a topological vector space, meaning that vector addition and scalar multiplication 
are continuous maps. 

Prechet spaces have some fundamental differences from Banach spaces. For example, 
the dual of a Frechet space E is not always a Frcchct space. In fact, the dual is a Frechet 
space if and only E is a Banach space! This implies that the space L{E, F) of linear 
maps between two Frechet spaces E and -F is a Frechet space if and only if F is a Banach 
space. Additionally, naive generalizations of the Banach space implicit function theorem 
to Frechet spaces fail instead, one must work in the category of so-called tame Frechet 
spaces, which require additional estimates on maps between them that are not present in 
the Banach case, to get a satisfactory implicit function theorem. However, these matters 
are not important to our concerns. 

Despite the difficulties in working with Frechet spaces, many results from the theory of 
Banach spaces and Banach manifolds carry over. For example, the Hahn-Banach theorem 
holds, as does the open mapping theorem. 

Calculus in Frechet spaces works in almost exactly the same manner as it does in 
Banach spaces, if we define the derivative in the following way. Let E and F be Frechet 
spaces, let U C E be open, and let f : U C E ^ F he a continuous map. We define the 
differential of / at the point x e U in the direction v e E tohe 

•'^ ^ t-^Q t 

We define / to be different iable at x in the direction v if the limit exists. We define / to 
be (or continuously differentiable) if the limit exists for all x G ?7 and v E E, and the 
map 

Df -.U X E ^ F 

is continuous in both its arguments. Note that Df is a map from the product U x E to F. 
We do not consider it as a map U — L{E,F), because as we mentioned above, L{E,F) 
is not necessarily a Prechet space — even though Df{x) is indeed a linear map from E to 
F for each x & U. 

To define the second derivative, we take the partial derivative of the map Df in the 

first component, i.e., we take the derivative as Df varies only over U. This is because Df 
is linear in the second component, and hence this partial derivative just gives Df again. 
It is also done to match up with the usual definition of the derivative in Banach spaces. 
Thus, the second derivative is a map 

D^f -.U X E X E ^ F. 

We can iterate the definitions above to define and C°° maps between Frechet spaces. 
The chain rule holds for the differential as thus defined. We can also define integrals over 
curves in the usual way, and if we do so then the fundamental theorem of calculus holds. 

With all of these results at hand, it is clear that calculus in Frechet spaces is formally 
very similar to that in Banach spaces. Thus, we will not go into any more detail at 
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this point — we again refer the interested reader to |24j . All others may assume that the 
intuition and computation rules from calculus in Banach spaces work fine here as well. 



2.2.2. Frechet manifolds. Again, our reference for this subsection is 
Just as the usual rules for calculus generalize to Frechet spaces, so does the definition 
of a manifold. Thus, a Frechet manifold modeled on a Frechet space E is a Hausdorff 
topological space M with an atlas of coordinates {([/«, | i S /}, where each Ui (Z M 
is open and each (f>i : Ui C M ^ E is a homeomorphism onto its image. Furthermore, if 
UiCiUj 0, we require that the transition map 

(l>j\u,nu, ° (pj^\<t>,{u,nu,) ■ (pj{Ui r\Uj) Q E ^ E 

is a smooth mapping of Frechet spaces. 

Tangent spaces /bundles, smooth/differentiable mappings, vector bundles, fiber bun- 
dles, and so on are defined in the category of Frechet manifolds exactly analogously to the 
case of Banach manifolds. 

Frechet Lie groups are Frechet manifolds that are also groups and on which the op- 
erations of multiplication and taking the inverse are smooth. One example of a Frechet 
Lie group is the diffeomorphism group of a compact manifold. For more facts on these 
fascinating and difficult objects, which are so important in global analysis, see [42j and 



2.2.3. Manifolds of mappings. The fundamental object in the field of global anal- 
ysis is the set of sections of a smooth fiber bundle F with m-dimensional fibers over a 
smooth, n-dimensional manifold M. Typically, one is interested in restricting to sections 
with a certain regularity, say for < A; < oo or for s > 0. regularity is, of course, 
well understood, and it is the goal of this section to outline the notion of regularity. 
Additionally, as analysts and geometers, we prefer to work with smooth manifolds, and so 
we will sketch the useful fact that the by restricting to certain types of sections, we get a 
Hilbert/Banach/Frechet manifold. 

Let's get down to defining manifolds of mappings. The facts presented here are taken 
from the texts |51] , |45] and |441 Chap. 4] . For a very concise but readable outline, see |1H 
§3]. It will simplify the presentation somewhat, and is in fact sufficient for our purposes, 
to assume that the base manifold M is closed and oriented. 

Manifolds of sections are constructed using the notion of a jet bundle^ which is essen- 
tially a bundle that contains information about the Taylor expansions of sections of F. 
The precise definition is as follows. 

Suppose we are given two local, fc-times differentiable sections ip and of F. Suppose 
that ip and ijj are both defined on an open neighborhood of p G M. We say that and ip are 
k-equivalent at p if (p{p) = ip{p) and the following holds. Let (x*, u") be coordinates on F 
around p such that (x*) are coordinates on the base manifold M and (li") are coordinates 
in the fiber directions — i.e., {x^ ,u°^) are the coordinates of a local trivialization. We require 
that for all multi-indices /, taking values in {1, . . . , n}, with 1 < |/| < A; and all 1 < a < m 
(recall m is the dimension of the fibers): 



(2.10) 



dx^ 

V 

Thus, two local sections are fc-equivalent at p if and only if their values at p are equal, as 
are their first k derivatives at p in some local coordinate system around p. Note that while 
the value of the derivatives depends on the local coordinates, equality of the derivatives 



as in (2.10) does not (see |5H Lemma 6.2.1]). 

The equivalence class containing the local section ip is denoted by i^<p and is called 
the k-jet of ip at p. The equivalence class of a local section ip thus consists of all local 
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sections having Taylor expansion up to order k — in local coordinates at p — equal to that 
of if. 

The set of all /c-jets of local sections of F, denoted 

J^F := {ip(/7 I p G M, 99 is a local section of F around p}, 

is called the k-th jet bundle^ as it has a natural structure of a smooth, finite-dimensional 
fiber bundle over both M and F. To see this, we first write down the coordinate atlas 
that makes it into a manifold. As above, let (x', u") be coordinates on an open set U ^ F, 
with (x*) coordinates on the base and (u") coordinates on the fibers. Let be the subset 
of J^F given by 

f/' := {J> I v{p) e U}. 
Then we get coordinates (x*,n",ii") on ^ where I runs through all unordered multi- 
indices taking values in {1, . . . , n} with 1 < |/| < k, and 

x\jp^) = x\p), 
u'^ify=u'^{ip{p)), 

(2.11 

<0» = ^ 

p 

(The reason we require / to be unordered is the symmetry of the derivatives in local 
coordinates, i.e., because differentiations in different coordinate directions commute with 
one another.) We will not show that this does indeed define a smooth atlas on J^F, but 
refer the interested reader to |51] . We do note, however, that since there are only finitely 
many multi-indices of order not greater than k taking values in {1, . . . , n}, there are only 
finitely many coordinates uf, and hence J'^E is finite-dimensional. 

The bundle structures J^'F M and J^'F F are given by the so-called source and 
target projections: 

TTk-.j'^F^M, j^ip^p, 

and 

TTkfl-- J''F ^ F, j^ip^^ip), 

respectively. We can also view J^F as a bundle over J^F for any 1 < k < I; the bundle 
structure is given by the k-jet projection: 

TTi^k : fF ^ J'F 

There is a natural mapping, denoted j^, sending local sections of F ^ M (for 
I > k) to local C''~^ sections of J^F M. If is a local section of F, then this map is 
defined by 

jV(p) := j^if 

The section j'^ip is sometimes called the k-th prolongation of ip, and is sometimes called 
the k-jet extension map. If we only consider global sections of F, then j'' defines a map 
from C°°(F) to C°°{J^F), where for a fiber bundle E ^ M, C°°{E) denotes the space of 
smooth sections of E. 

Remark 2.5. The notation C^{E) for the set of smooth sections of the fiber bundle 
E ^ M should not be confused with the oft-used identical notation for the set of smooth 
functions on the manifold E. In this thesis, whenever we consider a bundle structure on 
a space E, by C^{E), C°°{E), H^{E) (the last one we have yet to define), and so on, we 
will always mean the appropriate space of sections of the bundle. 

This point will hardly arise outside this chapter, though, so we hope this admittedly 
suboptimal notation will cause no large problems. 
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At this point, let us restrict to the case where is a vector bundle over M, as it will 
simplify the exposition somewhat and will still be sufficient for our purposes. With this 
assumption, J^F has the structure of a vector bundle over M, not just a fiber bundle. 
This can be seen, heuristically, from the fact that the values of any section 93 at a point 
p belong to the vector space Fp, and the j-th total differential (with respect to (x*), as 



in the Uj-coordinates of (2.11)) of the section (f at p can be seen in local coordinates as 
a j-linear map from M" to Fp (recall n = dimM). This is an extremely sketchy "proof" 
and not at all rigorous, so we refer the reader to \45\ pp. 5-6] for details. 

Since F and J'^F are both vector bundles, C°°{F) and C°°{J^F) are both vector 
spaces. It is then easy to see that the A;-jet extension map j'' : C'^{F) C°°{J^F) is a 
linear map. 



A Riemannian metric 7 on J F is given by a smooth choice of positive-definite scalar 
product 7(p) on JpF, the fiber of vr^ : J^F M at p, for each p G M. Given a Riemannian 
metric 7 on J^F and a smooth volume form /j on M, we get a scalar product (•, •)-y on 
C'^{J^F) via 

Jm 

We can pull this scalar product back along the /c-jet extension map to get a scalar 
product on C°°{F). We denote by H^{F) the completion of C°°{F) with respect to this 
scalar product. The space H^{F) is a Hilbert space over the reals, and its norm depends 
on our choices of 7 and ^. However, the topology of H^{F) does not, as [44, §IX.2] shows. 
Therefore, we are justified in omitting 7 and /x from our notation and calling H^{F) the 
space of sections of F. 

Remark 2.6. The scalar product (•, •)^ is essentially an L?' scalar product on sections 
ip of the A;-th jet bundle. Since these sections contain the all derivatives of of order k and 
lower, it can be seen that the definitions above match up with the definitions of Sobolev 
spaces of functions on open sets of W^. If we allow ourselves to speak imprecisely by mixing 
global and local notions, we can say that the completion of C°^{F) with respect to the 
above-described scalar product contains all sections with L^-integrable partial derivatives 
up to order k. 

In a similar but simpler way, we can define a Banach space structure on the space 
C^{F) of sections of F. To do this, we again choose a Riemannian structure 7 on J^F, 
but this time define a norm on C^{J^F) by 

MU = sup v^7(p)(v3(p),V9(p)). 

Since the fc-jet extension map is a linear map defined on C''{F), we pull the above norm 
back to C^{F) along . Then C^{F) is a Banach space with respect to the pulled-back 
norm. 

With these definitions, the Sobolev embedding theorem holds for spaces of sections 
of vector bundles, just as it does for spaces of functions over M". Thus if s > n/2 + k, 
there is a continuous linear inclusion H'^^F) ^ C^{F). (See |44| §X.4, Thm. 4].) A 
consequence is the following statement. Define C^{F) to be the Frechet space of smooth 
sections of F with the topology given by the family of C'^(-F)-norms for k ^ M.. Then 
this topology on C°^{F) coincides with the one given by the family of //^(F)-norms for 
s £ N. This latter view is the one we will take in this thesis, since it allows us to work 
with the chain of Hilbert manifolds H^{F), H^{F), . . . , which have nicer properties than 
the Banach manifolds C^{F),C\F), .... 

To recap, for any vector bundle F — > M, we can consider the set of all sections of F. 
By taking sections with certain properties, we can build Hilbert spaces H^{F) of Sobolev 
sections of F, Banach spaces C^{F) of fc-times differentiable sections, and the Frechet 
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space C°°{F) of smooth sections. The latter has the topology coming either from the 
family of norms or the family of H'^ norms. 

We have restricted the discussion to vector bundles for simplicity, but we end this 
section by briefly remarking on the situation when F is a fiber bundle. In this case, 
we can build a Banach manifold (which will in general not be a linear space) C^{F) for 
/c = 0, 1, 2, . . . . We can also define the sets H^{F) of sections of F for s = 0, 1, 2, . . . , 
but if we want H^{F) to be a (Hilbert) manifold, then for technical reasons we have to 
restrict to s > n/2, i.e., we have to require that H'^{F) C C^(F). (See (.451, §llff].) Using 
either the or C'^ norms, we can give C°^{F) a Frechet manifold structure. The way 
that all of these results are proved is by locally reducing the analysis of H'^ sections of a 
fiber bundle to the analysis of H'^ sections of a related vector bundle. We do not need this 
directly, however, so instead of proving it we refer to |45| §13] for the general case and 
|24^ Ex. 4.1.2] for a nice, concise description of the and cases. 

Remark 2.7. It is also worth noting that if is another finite- dimensional manifold, 
then the set of mappings from Af to can be treated as in this subsection by viewing a 
map M ^ as a section of the trivial bundle M x N over M. N = AI, then we can 
construct the manifold C°°{M,M) of smooth self- mappings of M. It is not hard to see 
that the set D of smooth diffeomorphisms of M is open in C°°(M, M), and we therefore 
get a Frechet manifold structure on D. As we mentioned above, "D is even a Frechet Lie 
group j42]. |43]. 

2.3. Geometric preliminaries 

At this point, we will go over some geometric notions and notation that we will be using 
later in the thesis. We'll first look at the endomorphism bundle of a finite-dimensional 
manifold and the eigenvalues of its sections. Then we'll discuss a few concepts from 
measure theory, and finish with the description of two special manifolds of mappings that 
will play a role in what is to come. 

Convention 2.8. For the remainder of this thesis, we work over a fixed, finite- 
dimensional, oriented, closed base manifold M, and set n := dimM. 

2.3.1. The endomorphism bundle of M. The endomorphism bundle End(M) is 
the bundle of (1, l)-tensors on M. A (1, l)-tensor at p G M is an element of TpM T*M, 
and so it can be identified with an endomorphism of TpM. A smooth section of End(M) is 
therefore a smooth vector bundle map of TM into itself. Furthermore, (1, l)-tensors and 
sections of End(M) have a well-defined multiplication, which is simply the multiplication 
of matrices (in local coordinates) or the composition of linear transformations (invariantly 
described). As a (1, l)-tensor H is a linear transformation, any property of matrices that is 
invariant under a change of basis will be well-defined (i.e., coordinate-independent) for an 
endomorphism of TpM. Especially important for us is that this includes the determinant, 
the trace, and the eigenvalues of H. 

This also implies that if we are given a section H of End(M), then the determinant, 
trace, and eigenvalues of H are well-defined functions over M. Furthermore, if H is 
measurable/continuous/smooth, then the determinant and trace will be so as well, since 
they are smooth functions from the space of n x n matrices into M. 

The regularity properties of the eigenvalues of a section of the endomorphism bundle 
are not so immediate, but there are a couple of things that we need to understand better. 
To do this, we first prove a statement about the eigenvalues of symmetric matrices, then 
"globalize" the statement. We do this in two lemmas, after reviewing a fact from linear 
algebra in the following proposition. 
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Proposition 2.9 ([25' Thm. 7.2.1]). A symmetric n x n matrix T is positive definite 
(resp. positive semidefinite) if and only if all eigenvalues of T are positive (resp. nonneg- 
ative). 

In particular, if T is positive definite (resp. positive semidefinite), then detT > 
(resp. detr > Oj. If T is positive semidefinite but not positive definite, then detT = 0. 

Lemma 2.10. Let ((•,•)) he any scalar product on M", and let Aj^j^ and A^g^^ denote 
the smallest and largest eigenvalues, respectively, of an n x n matrix A. Then the map 
A 1-^ Aj^jjj is a concave function from the space of self-adjoint n x n matrices to M. ( Of 
course, we define "self-adjoint" with respect to {{■, ■)).) Furthermore, A i— > A^g^^ ^-^ convex. 

In particular, each map is continuous. 

Proof. Consider the following formula for the minimal eigenvalue of a self-adjoint 
matrix, which follows from the min-max theorem |49| Thm. XIII. 1]: 

(2.12) Ai,= min {{v,Av)). 

{{v,v))=l 

Therefore, if A and B are self-adjoint matrices, we have 

A|^r*^^+*^= min {{v,ai -t)A + tB)v)) 

((^,,;» = 1 

- -t)M) + min {{v,tBv)) 

((,;,^» = 1 ((^,^'»=1 

= (1 — i)Ajjjjjj -|- tAjj^jQ. 

That the map sending a self-adjoint matrix to its maximal eigenvalue is convex follows 
in exactly the same way from the formula 

(2.13) Xi^,= max {{v,Av)), 

{{v,v))=l 

which again follows from the min-max theorem. 

Continuity of the maps follows from the well-known result that a convex or concave 
function on a real, finite-dimensional vector space is continuous \50\ Thm. 10.1]. □ 

Lemma 2.11. Let h be any continuous, symmetric {0,2) -tens or field. Suppose g is a 
Riemannian metric on M, and let H be the {1,1) -tensor field obtained from h by raising 
an index using g. (That is, locally = g^^hkj.) Then H is a continuous section of the 
endomorphism bundle End(M). Denote by A^jj^(x) the smallest eigenvalue of H{x). We 
have that 

(1) A^jjj is a continuous function and 

(2) if h is positive definite, then min^^gM A^;j^(x) > 0. 

Furthermore, if A^g^C^) denotes the largest eigenvalue of II{x), then A^^^ ^-^ ^ ^on- 
tinuous and hence bounded function. 

Proof. For any fixed p € M, let a neighborhood C/ of p be given with the property 
that we can find a frame field for TM\ij, i.e., there exist n smooth vector fields Xi, . . . , Xn 
over U that together form a basis of TxM for each x £ U. For every nonzero n-tuple 
a = {a^, . . . , a") G M", we define a vector field Xa over U via 

X^ := a^Xi + ■■■ + a'^Xn. 

For each such a € M", consider the function 

g{x){X^{x),H{x)X^{x)) 

g{x){Xa{x),Xa{x)) 
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Thus, Qa{x) is the Rayleigh quotient, with respect to g[x), of H{x) on the vector Xa{x). It 
does not depend on a, but only on the hne on which a Ues. Thus, the family {Q% \ a G M"} 
can be seen as a family of functions for a G S""^^ C M". 

By the continuity of g, H and X^, as well as the relative compactness of U and the 
compactness of S^, it is not hard to show that 

QmaxCa^) := max Q^(x) and (x) := min 

are continuous functions defined on U. On the other hand, since H(x) is self-adjoint with 



respect to g{x), we can use the formulas in the proof of Lemma 2.10 to see that 

From this, and since p was chosen arbitrarily, the continuity of A^^^^ and A^j^^ is immediate. 

The upper bound on A^^x follows from its continuity. That A^j^^ is bounded away 
from zero if h is positive definite follows from the fact that if p is the (arbitrary) point 
chosen above, then 

Amin(p) = min g{p){Xa{p),H{p)Xa{p)) = min h{p){Xa{p), Xa{p)) > 0, 

SO A^jjj is a continuous positive function on M. □ 

2.3.2. Lebesgue measure on manifolds. The concept of Lebesgue measurability 
carries over from M" to smooth (or even topological) manifolds very simply. Let a maximal 
atlas of coordinate charts {(C/a,0a) \ Ua ^ Va M."")} for M be given. We say a subset 
E G M IS Lebesgue measurable if we can find a covering of E by charts {(JJf3,(pi3)} such 
that (/>/3(-E n U^) is Lebesgue measurable for each /3. This concept is independent of the 
particular choice of covering: if {U-./,(j)^} is a second covering of E by charts, then each 
transition function 

is a smooth diffeomorphism, and hence it maps Lebesgue measurable sets to Lebesgue mea- 
surable sets. Of course, the transition function will not necessarily preserve the quantita- 
tive measure of a Lebesgue measurable set, but it will map nuUsets to nuUsets. Therefore, 
we can speak about nullsets on a smooth, finite-dimensional manifold. 

Convention 2.12. Whenever we refer to a measure-theoretic concept on M, we im- 
plicitly mean that we work with Lebesgue measure or Lebesgue sets, unless we explicitly 
state otherwise. (At some points Borel measures will also come up.) 

With Lebesgue measurable sets well-defined, the concept of a measurable function or 
a measurable map between manifolds is also well-defined — these are simply those maps for 
which the preimage of any measurable set is measurable. If we have a local (r, s)-tensor 
field t on M, defined over a set C M, we say that it is measurable or has measurable 
coefficients if there is a covering of {(f/3,0/3)} of E by coordinate charts such that over 
each C/g, the coefficients of t are measurable. This is again independent of the covering 
chosen, since in a different coordinate chart (C7^,(/>^), the coefficients of t are determined 
from the coefficients in the original chart and the transition function </> via 

^n-X = (Dr%\ ■ ■ ■ {Dr')l{tt:i: ° 4>p,){Dct.)l ■ ■ ■ {Dd^t- 
That is, the new coefficients are obtained from the old via composition, addition, and 
multiplication with smooth functions, so they are again measurable. 

We can also speak about Lebesgue measures. By the above definition, it is immediate 
that any volume form /i on M with measurable coefficients induces a Lebesgue measure 
on M. (By volume form, we simply mean any n-form with positive coefficient. Saying the 
coefficient is positive is coordinate-independent because of the orientation of M.) We can 
also allow to be a nonnegative n-form — i.e., one for which the coefficient is everywhere 
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nonnegative — and n again induces a Lebesgue measure on M. (Nonnegativity is again a 
coordinate-independent notion thanks to orientability of M.) 

We next mention the relation of the Lebesgue measurable sets C to the Borel measur- 
able sets B. It is not hard to see that the same general relationship between these sets 
that holds on holds on M as well. Let's recall this relationship — namely, that Lebesgue 
measure on M" coincides with the outer measure induced by Borel measure [47^ §1.7]. For 
the reader's convenience, we briefly review this notion, as well as that of the completion 
of a measure space. All facts are taken from [4l §1.5] unless otherwise mentioned. 

Let {X, T,, fi) be a measure space. The measure fi is called complete if for every B £ T, 
with fJ-{B) = and every subset A C B, we have A £ T, (and therefore of course fJ,{A) = 0). 
That is, fi is complete if every subset of a nullset is /Lt-measurable. 

If /X is not complete, we can extend it to a complete measure as follows. We define the 
outer measure fi* induced by to be, for any £^ C X, 



lf{E) :=inf 



k 

k=l 



k=l 



for any set E OX. We note that ii E £ T., then fi*{E) = fi{E). Define a set C X to be 
fi* -measurable if for every Y Q X, 

We denote the class of /x*-measurable sets by S*, and note that this is a cr-algebra. Fur- 
thermore, S C S*, and {X, T,* , fi*) is complete. Thus fi* is an extension of ;U to a complete 
measure. 

Now, let's see what this means in the special case of M with a measure on the 
Borel sets B of M. Firstly, since the above statement that Lebesgue measure coincides 
with the outer measure induced by Borel measure can be localized, the outer measure 
corresponding to is a measure n* on the Lebesgue sets £ of M. We also see that a Borel 
measurable set is Lebesgue measurable. Furthermore, by \47\ §3.11], the following holds. 

Lemma 2.13. For every E £ C, there exist F £ B and G £ C such that 

(1) E = F^G, 

(2) there exists a fi-nullset A £ B such that G C A and 

(3) /i*(i?) = Mi^). 

In other words, Lebesgue measurable sets can always be built from the union of a 
Borel measurable set and a subset of a Borel nullset. 

To close this subsection, for convenience we recall two standard results from measure 
theory: the Lebesgue dominated convergence theorem and Fatou's lemma. 

Theorem 2.14 (The Lebesgue dominated convergence theorem [47| Thm. 5.4.9]). Let 

{X,T,,i/) be a measure space, and let {fk} be a sequence of measurable functions on X 
converging a.e. to a function f. Suppose further that there exists an function g with 
\fk\ < 5 o-.e. Then f is also and 



/ / d// = lim / fk dfi. 



Furthermore, 

lim / \f - fk\dn = 0. 
Jx 

Theorem 2.15 (Fatou's lemma [U Thm. 2.8.3]). Let (X, i;,z^) be a measure space, 
and let {fk} be a sequence of nonnegative measurable functions on X converging a.e. to a 
function f. Suppose that there exists a constant K < oo such that 

sup / fkdfi< K. 

k Jx 
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Then the function f is integrable and 

[ fdfi<K. 
Jx 

In addition, 



fdn< liminf / A d/i. 

X k-^"^ Jx 

2.3.3. The manifolds of positive functions and volume forms. We will denote 
the set of positive C°° functions on the base manifold M hy V. By the considerations 



of Subsection 2.2.3 P is a Frechet manifold, since it can be identified with the space of 
smooth sections of the trivial fiber bundle M x (0, oo). (Alternatively, one can view it as 
an open set in the Frechet space of smooth sections of the vector bundle M x M.) It is 
not hard to see that V is even a Frechet Lie group with respect to the group operation 
of pointwise multiplication — that is, it is a Frechet manifold such that the multiplication 
of two elements is a smooth map, as is the map sending an element to its multiplicative 
inverse. 

Similarly, if we denote by V the set of smooth volume forms on M, then this is a 
Frechet manifold. One can see this either by viewing it as an open set of J7"(M), the 
Frechet space of highest-order differential forms on M (it is the sections of the line bundle 
A'^T*M), or by viewing V as the smooth sections of the fiber bundle of positive n- forms 
on M. 

Given any volume form /i G V and any n-form a G J7"(M), there exists a unique C°° 
function, denoted by (a//u), such that 

(2.14) a = /i. 

This fact is easy to deduce from the coordinate representations of a and fi, along with 
the fact that the coefficient of is positive in any coordinate chart because /i is a volume 
form. 

If a is also a smooth volume form, then (a//i) is additionally a positive function. If we 
consider the measures induced by a and fi, then {a/ fi) coincides with the Radon-Nikodym 
derivative [471 Dfn. 9.1.16] of a with respect to fi. That is, for any measurable set E C M, 
we have 

a = / ( - ) Z^- 

E Je Va*/ 

We just note that the Radon-Nikodym derivative is defined in general as follows. Say we 
are given a space X with a u- algebra S, as well as two o"- finite measures i' and i/q on E. 
Furthermore, suppose that i^q is absolutely continuous with respect to z/, that is, I'oiE) = 
for all -B C X with i^^E) = 0. Then there exists a nonnegative measurable function / on 
X, called the Radon-Nikodym derivative, such that 



duo= f dv. 
E Je 

The considerations above suggest a natural diffeomorphism between V and V. Namely, 
if we choose any volume form fi £ V, then we can define a map 



(2.15) 



which as we have seen maps V into V. It is not hard to see that this map is bijective. 
To see that it is smooth, we simply note that it is the restriction to V of the linear map 
a ^ (a//i), which maps Sl"(Af) into C°°(M). 
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Remark 2.16. Note that the function (a//i) can be more generally defined for any 
n-form a and any volume form /j,, including those that are not smooth, or continuous, or 
even measurable. The function will be smooth/continuous/measurable if both a and n 
are, as is easily seen in a coordinate chart. It is easy to show (or one may consult [ 47| 
Prop. 5.2.6]) that if a is measurable and nonnegative, then it induces a measure on M, 
defined by fixing any volume form G V and setting 

a-= ( - ) 

E Je \f^J 

for any measurable E C M. Furthermore, this measure is absolutely continuous with 
respect to fi. 

If 5 is a Riemannian metric on M, then it induces a volume form on M given in local 
coordinates x^, . . . , by 

(2.16) Hg = Vdetc/dx^---dx". 

If go and gi are two Riemannian metrics on M, then locally, the Radon-Nikodym derivative 
of jig-^ with respect to fj,gg is given by 



Note that this is a well-defined function on M by the discussion of Subsection 2.3. 1[ 

This completes our general geometric considerations. We now move on to the study 
of Riemannian metrics on Frechet manifolds. 

2.4. Weak Riemannian manifolds 

The manifold of metrics with its metric, the object of study of this thesis, is an 
example of what is called a weak Riemannian manifold. In this section, we will describe 
and explore these objects a little bit. 

It is well known that on a finite-dimensional vector space, all positive-definite scalar 
products are equivalent — i.e., every positive-definite scalar product induces the same topol- 
ogy on the space. In infinite-dimensional vector spaces, this is no longer the case — there 
are many inequivalent positive-definite scalar products, with differing topologies — a simple 
example might be the and H'^ topologies on the space of smooth functions [0, 1] M. 
As one might naturally expect, this linear phenomenon has an analog in nonlinear spaces, 
i.e., manifolds. 

In manifold theory, the nonlinear analog of a positive-definite scalar product on a 
vector space is a Riemannian metric on a manifold. Of course, this is just a positive- 
definite scalar product on the linearization of the manifold at each point (i.e., its tangent 
spaces) that varies in a smooth way as we move from point to point. (We'll make a 
formal definition of infinite-dimensional Riemannian metrics soon; for the moment, let's 
just take this as our heuristic definition for purposes of the introductory discussion.) There 
is also a nonlinear analog of the difference between finite- and infinite-dimensional spaces 
as described above. 

On a finite-dimensional Riemannian manifold {N, 7) modeled on M", the tangent space 
T^N is, via a choice of coordinates, isomorphic to M" for each x ^ N. The equivalence 
of all scalar products on implies that the scalar product induced by the Riemannian 
metric, when viewed as a scalar product on M", is equivalent to the Euclidean scalar 
product. In particular, it induces the standard topology on M". 

In the case of an infinite-dimensional Riemannian manifold {N, 7) modeled on a Hilbert 
space E, we cannot necessarily say that the scalar product induced by 7 on a tangent space 
TxN is equivalent to the Hilbert space scalar product of E. Therefore, the topology that 
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7 induces on T^N may differ from the topology of E. Thus, we can distinguish two types 
of Riemannian metrics on a Frechet (or, as a special case, Hilbert) manifold. We call 7 a 
strong Riemannian metric if it induces the model space topology on each tangent space, 
and a weak Riemannian metric if it induces a weaker topology. 

This subtle but important distinction between the two types of metrics leads to a vast 
gulf in the two theories one can develop around each structure. For a strong Riemannian 
metric, one can reproduce most of the important results in finite-dimensional Riemannian 
geometry. For example, the Levi-Civita connection, geodesies, and the exponential map- 
ping exist. A strong Riemannian metric induces a distance function that gives a metric 
space structure on the manifold. In addition, the topology induced from this metric space 
structure agrees with the manifold's intrinsic topology. 

None of the above-mentioned results hold in general for weak Riemannian manifolds. 

In this section, we will go into detail on these and other differences between weak and 
strong Riemannian manifolds, as well as explore what statements one can make about weak 
Riemannian metrics in the cases where the corresponding statements for strong metrics 
break down. 

Before we continue with formal definitions and results, though, we make a couple of 
philosophical remarks. We have found relatively few references that systematically cover 
what results of standard Riemannian geometry do and do not hold in this context, as most 
authors naturally treat only those aspects that arise in the examples they are consider- 
ing. Furthermore, to the author's knowledge, all standard textbooks about Riemannian 
geometry on Hilbert manifolds, such as [28' and [30! , work only with strong Riemannian 
metrics, without explicitly mentioning the distinction between the two types of metrics. 
Therefore, even the most basic results on weak Riemannian metrics seem not to have been 
formally written down. Later in the section, we will prove a few general results that will 
come in useful to us. 

Despite there being, to our knowledge, no comprehensive formal treatment of them, 
weak Riemannian metrics are fundamental objects in global analysis, which deals primarily 
with manifolds of sections of fiber bundles over a finite-dimensional manifold. Of course, 
one is typically most interested in C°° sections, and the space of C°° sections of a vector 
bundle is a proper Frechet space — proper meaning that the topology does not come from 
a (single) norm. Such a space carries only weak Riemannian metrics, since the existence 
of a strong Riemannian metric would give, via a coordinate chart, a norm inducing the 
topology of the model space — but this is impossible. 

If one considers H'^ sections of a vector /fiber bundle, then strong Riemannian metrics 
can be found. However, since the choice of s G N is essentially arbitrary, one would have 
to choose a different Riemannian metric on the manifold of sections for each s. This 
somewhat unsatisfactory situation leads one to generally pick a single metric (i.e., use the 
same formula for each s), often one inducing the topology. Thus, one is again led back 
to working with weak Riemannian metrics. 

Hopefully we have convinced the reader of the importance of weak Riemannian metrics. 
We now move on to defining them, exploring some of their deficiencies as compared with 
strong Riemannian metrics, and then elaborating what weaker results one can prove about 
them in general. 

2.4.1. (Weak) Riemannian Frechet manifolds. A Riemannian metric on a Fre- 
chet manifold is defined exactly analogously to one on a finite- dimensional manifold, mod- 
ulo the distinction between weak and strong metrics mentioned above. 

Recall that on a Banach manifold N modeled on a Banach space each tangent space 
TxN is naturally isomorphic to the model space E, the isomorphism being given by any 
choice of coordinates around x (this choice is, of course, usually very non-canonical). The 
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same holds true for Frechet manifolds, and we keep this in mind as we make the following 
definition. 

Definition 2.17. Let be a Frechet manifold modeled on a Frechet space E. A 
Riemannian metric 7 on is a choice of scalar product 7(0;) on TxN for each x G N, 
such that for each x £ N, the following holds: 

(1) 7 is smooth in the sense that if U is any open neighborhood of x and V, W are 
vector fields defined on U, then 'y(-)(y, W) : C/ — > M is a smooth local function; 

(2) 7(2;) is a continuous (i.e., bounded) bilinear mapping; and 

(3) 7(3;) is positive definite on TxN. 

Furthermore, 7 is called 

(1) strong if the topology induced by 7 coincides with the topology of the model 
space E; and 

(2) weak otherwise, i.e., if the topology induced by 7 is weaker than the model space 
topology. 

The pair {N, 7) is called a Riemannian Frechet manifold. 

To put it another way, {N, 7) is a strong Riemannian Frechet manifold if its tangent 
spaces are complete with respect to 7, and it is weak if the tangent spaces are incomplete 
with respect to 7. 

Remark 2.18. There is no such thing as a Riemannian metric inducing a topology on 
the tangent space that is stronger than the manifold topology. This is because in that case 
some vectors would have infinite norm — ^just think of the H^^^ norm on functions, for 
example. 

The first definition of weak Riemannian Hilbert manifolds that we know of (though 
our knowledge is surely incomplete) is in [llj, the paper that founded the study of the 
geometry of the manifold of metrics. The generalization to weak Riemannian Frechet 
manifolds is natural and has been used in several works. In no particular order, here is a 
list of papers that consider weak Riemannian manifolds (specifically, those that explicitly 
deal with the questions posed by "weakness" and are not mentioned elsewhere in this 
thesis): [3], [8], [12], |32], [35], [38], [39], [40] and [H]. We have made no attempt to 
make this list complete — it is simply a smattering of examples. 

Let {N, 7) be a Riemannian Frechet manifold. Just as in the case of finite-dimensional 
Riemannian manifolds, we can use 7 to define a distance between points of by taking 
the infima of lengths of paths. 

Let a < 6 be real numbers, and let q : [a, 6] — > be a piecewise path. Define 



where the infimum is taken over all piecewise C paths that start at x and end at y. 

It is easy to see that is a pseudometric. That is, it has all the properties of a metric 
(in the sense of metric spaces) other than positive-definiteness. That d^{x,y) = d^(y,x), 
d^{x,y) > and d^{x,x) = for all x,y £ N is clear. The triangle inequality for d^ 
then follows from the fact that if we have a path from x to y and a path from y to z, the 
concatenation of the two is a path from x to 2; with length the sum of the two original 
paths. 

Positive definiteness of the distance function is a trickier issue, and in fact it only 
holds in general for strong Riemannian metrics! For weak metrics, it may fail. In fact. 




Then, for any x,y £ N, we define 



d^{x, y) := inf L(q) 
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the example of the next subsection shows that it may fail in the most spectacular way 
possible — for some weak Riemannian manifolds, d^{x,y) = for all points x,y £ N. 

After we have described the example and seen how bad things can get, we will see 
what parts of the theory break down and allow such things to happen. After that we will 
try to partially rebuild. 

2.4.2. Pathological behavior of a w^eak Riemannian metric on the manifold 
of embeddings of into M^. The following example is from [37J, to which we refer 
for more details. We will give only a very sketchy and conceptual presentation of one 
of their results. There is no harm in skipping this subsection and continuing on to the 
discussion of the Levi-Civita connection in the next subsection. On the other hand, the 
reader interested in a complete description of this example should consult [37J. 

Let C~(5\m2) denote the vector space of all smooth mappings of 5^ into M^. This is 



a Frechet space, as we saw in Subsection 2.2.3 We consider the open set £ C C°^{S^,] 
of smooth embeddings of into — in other words, this is the space of smooth, para- 
metrized, closed curves in M^. As an open set of a Frechet space, it is trivially a Frechet 
manifold. 

Let T) denote the group of smooth diffeomorphisms of the circle. It is a Frechet Lie 
group, and it acts on C°°(S'^,M^) from the right by composition, i.e., pull-back: for G P 
and / G C°°(S'"^, M^), the action is (p*f = f o (p. If we restrict this action to then it is 
free, and it turns out that the quotient 8 /T) is a smooth Frechet manifold. 

There exists a natural 2?-invariant Riemannian metric on £. It is a weak metric, as it 
induces the topology on the tangent spaces. To define it, let / G be any embedding. 
Since £ is an open set of C°°(S'^, M'^), the tangent space Tf£ is canonically isomorphic to 
C°°(5^,M^) itself, and we can think of TfE as the space of vector fields on f{S^) C M^. 
That is, if vr : S"^ X — > S*^ is the projection, then Tf£ consists of maps : 5^ ^ S*^ x 
with ■Koh = f. With this in mind, we define for any h,ke C°°{S'^,]R?) = Tf£: 

(ih,k))f:= [ {h{e),kmdefmdO, 



s 

where (•,•) is the Euclidean scalar product on M?. Describing this metric in words, we 
integrate the scalar product of h and k with respect to the Euclidean volume form pulled 
back along /. 

Since ((•,•)) is P-invariant (as is relatively easily computed), it descends to a weak 
Riemannian metric on £/!). Though it is outside the scope of this thesis to prove this 
here, the Riemannian metric thus obtained induces a distance function as described above, 
but the distance between any two points vanishes! Thus the Riemannian metric ((•, •)) is, 
in some sense, a very bad metric on £/!). 

Rather than prove this fact, we will simply give the idea of the proof. We can bound 
the distance between two points in £ /D from above by the distance between any two points 
of their preimages in £. So take any path ft of curves interpolating between /o and /i — it 
happens that one can modify this path to get a path whose image has arbitrarily small 
length when projected to £/'D, showing that the distance between the endpoints in £ /D 
is zero. To do this, we simply construct a path fn^t from ft in which the curves oscillate 
n times as they interpolate between /o and /i. These oscillating curves are illustrated in 
Figure [T] It then happens that the length of fn,t, when projected onto <S/P, goes to zero 
as n ^ oo. 

So now we have an extremely pathological example of how bad the distance function 
of a weak Riemannian metric can be. Our next task is to understand how such a phenom- 
enon, which is impossible in the finite-dimensional case, can occur. To do so, we need to 
reexamine some of the standard theorems of Riemannian geometry and see what can be 
said about them in the infinite-dimensional case. 
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Figure 1. Wildly oscillating curves interpolating between /q (the inner 
curve) and /i (the outer curve). First, the oscillating parts are extended 
until they reach /i, then the rest follows. 



Before we conclude this subsection, let us just note that |36| generalizes the example 
described here to embeddings of any given manifold into a given Riemannian manifold. 

2.4.3. The Levi-Civita connection. On a finite-dimensional Riemannian manifold 
(Njj), and even on a strong Riemannian Hilbert manifold, there is a unique connection 
V that is both 

(1) metric, i.e., Xj(Y,Z) = j(yxY,Z) +'y(Y,VxZ) for ah vector fields X, Y and 
Z; and 

(2) torsion-free, i.e., — VyX = for all vector fields X and Y. 

The existence and uniqueness of this connection relies on the Koszul formula, which states 
that a connection is both metric and torsion-free if and only if the following equation holds 
for all vector fields X, Y, and Z: 

j{VxY, Z) = Xj{Y, Z) + Y^{X, Z) - Z^{X, Y) 

^' ^ -^{X,{Y,Z\)-^{Y,\X,Z\)^^{Z,\X,Y\). 

Existence and uniqueness of the element at the point x £ N now follows from the 

Riesz representation theorem applied to the Hilbert space (TxN,^). 

The Levi-Civita connection is then used to define geodesies as those paths a for which 
Vfid = 0. Geodesies, in turn, are used to define the exponential mapping, as is well known. 



On a weak Riemannian manifold, this picture breaks down, as (2.18) fails to guarantee 



existence of the Levi-Civita connection. (If it exists, though, (2.18) does guarantee its 
uniqueness.) Since the tangent spaces of (A^, 7) are incomplete with respect to 7, (2.18) 
only guarantees the existence of VxY at a; G as an element of the completion of TxN 
with respect to 7. This is of course because the Riesz representation theorem does not 
hold on incomplete spaces. 

The result of this is: On a weak Riemannian manifold, the Levi-Civita connection does 
not exist in general. As a consequence, geodesies and the exponential mapping do not exist 
in general, either. 

The usual strategy when dealing with weak Riemannian manifolds is the following. 
Without general theorems at one's disposal, various properties that are automatic for 
strong Riemannian manifolds have to be directly verified. For example, in the next section, 
we will sketch how, in [lljj the existence of the Levi-Civita connection for the manifold 
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of metrics was shown. In essence, an explicit formula for V^i^ was computed using the 
Koszul formula, and it was shown that the result is in fact a section of the tangent bundle. 

2.4.4. The exponential mapping and distance function on a strong Rie- 



mannian manifold. Subsection 2.4.2 gave an example of a weak Riemannian manifold 
with an induced distance function that is not a metric — i.e., that fails to be positive def- 
inite. In contrast, for a strong Riemannian manifold, the following theorem holds, as it 
does in the finite-dimensional case: 

Theorem 2.19 ([28', Thm. 1.9.5]). Let {N,j) be a strong Riemannian (Hilhert) man- 
ifold. Then the induced distance function is a metric on N , and the topology of d-y 
coincides with the topology of N. 

The natural question that arises is, what goes wrong in the case of a weak Riemannian 



manifold? To answer this, we recall the main steps in the proof of Theorem 2.19 The 
first is: 

Theorem 2.20 ([28', Thm. 1.8.15]). Let (N,^) be a strong Riemannian (Hilhert) man- 
ifold. Then there exists an open neighborhood U C TN of N such that the exponential 
mapping is defined and differentiable on U. 

Furthermore, for every x ^ N, there exist positive numbers e = e{x) and ij = r]{x), 
with € < rj, and a neighborhood V of x such that the following holds: 

(1) The mapping 

exp^ 1 5,(0) : B,{0) V, 
where B^{0) is the open ball of radius e (w.r.t. around G TxN , is a diffeo- 
morphism. 

(2) For any y,z G V, there exists a unique geodesic from y to z with length less than 
V- 

(3) For each y G V , exp^ |i?jy(0) is a diffeomorphism onto an open neighborhood Vy 
of y, with V '^Vy. 

Using this theorem, we have some control over the domain of definition and the range 
of the exponential mapping. The next step is to control the lengths of paths contained 
within the image of the exponential mapping: 

Theorem 2.21 ( |28| Thm. 1.9.2]). Suppose (iV, 7) is a strong Riemannian manifold. 
Let X £ N, and suppose that exp^. is defined on an open neighborhood Ux of £ TxN. 
Let V : [0, 1] Ux be any path with v{0) = 0, and let v : [0, 1] — > Ux be the straight-line 
path in TxN between and v{l). Finally, define paths in N by a{t) := exp^(v{t)) and 
a{t) := exp^(w(t)). 

Then L{a) < L(a), and equality holds if v{t) = v{t{s)), where t{s) is a reparametriza- 
tion with t'{s) > 0. 

Conversely, if L(a) = L(a) and Dgy(^^-^exp^ has maximal rank for allO < s,t < 1, then 
v{t) = v{t{s)), where t(s) is a reparametrization with t'{s) > 0. 

What this theorem essentially says is the following. Let exp^, be defined on Ux ^ TxN, 
with range Vx N, and let y £ Vx- Then among the class of paths in Vx from x to y, 
the unique shortest path (up to reparametrization) is the radial geodesic emanating from 
X and ending at y. 



What Theorem 2.21 does not tell us is that the radial geodesic from x to y is the 



shortest path among the class of all paths in N from x to y. However, combining Theorems 



2.20 and [2.21 gives us what we want: 



Theorem 2.22 ([28' Thm. 1.9.3]). Suppose (iV, 7) is a strong Riemannian manifold. 
Let X £ N, and let e, rj and V be as in Theorem \2.2C\ Suppose that y £ V . Then 
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any geodesic starting from y of length less than rj is a path of minimal length between its 
endpoints. 



Thus, geodesies are, locally, length-minimizing paths. Using Theorem |2.22| and our 
previous statement that the distance function of a Riemannian manifold is always a pseu- 



dometric, it is then trivial to prove Theorem 2.19 



2.4.5. The exponential mapping and distance function on a weak Riemann- 
ian manifold. We now return to weak Riemannian manifolds. The question remains: 



What goes wrong when we try to extend the results of Subsection 2.4.4;" 



The theorem that breaks down, it turns out, is Theorem 2.20 This is true even if 
we assume that the Levi-Civita connection exists. It even breaks down if we assume 
that the exponential mapping exists and is a diffeomorphism when restricted to some 
open neighborhood of the zero section in TM — none of which are guaranteed on a weak 
Riemannian manifold! 

The problem is the following: on a strong Riemannian manifold (A^, 7), a neighborhood 
of G TxN contains an open 7-ball of some sufficiently small radius. However, if {N, 7) 
is a weak Riemannian manifold, since the topology induced by 7 is weaker than the 
manifold topology of TxN , an open neighborhood of (in the manifold topology) need not 
necessarily contain any open 7-balls. 

This phenomenon does indeed occur — it is not too hard to see that it occurs for the 



example of Subsection 2.4.2, and we will see below, in Section 2.5 that the manifold of 
metrics also exhibits this phenomenon. 

In the case of the manifold of metrics, we will eventually be able to show, in Section 



3.1 that the L?' metric does in fact induce a metric space structure. However, the metric 
space topology does not agree with the manifold topology, and so strange phenomena 
that are absent for strong Riemannian metrics occur. For example, we will later show in 



Lemma 5.19 that there is no metric ball of any positive radius around any point of the 
manifold of metrics! This is, of course, tied very closely to the analogous fact about the 
tangent space. 

For now, though, we put aside the nastier behavior of weak Riemannian manifolds and 
show what results actually do hold for them in general. They will necessarily be weaker 
than the results for strong Riemannian manifolds, but they will still come in handy later 
on and are of interest in their own right. 

Our goal is to prove statements analogous to, but weaker than, the theorems of Sub- 



section 2.4.4 We will follow a very similar course, making only minor modifications to 
the statements and proofs in [28^ as necessary. 

Our first theorem is familiar from finite-dimensional Riemannian geometry and is quite 
simple to prove. 

Proposition 2.23. Let (A^, 7) he a weak Riemannian manifold on which the Levi- 
Civita connection exists. Let p £ N and v £ TpN, and suppose that v is in the domain of 
expp. Then the geodesic a{t) := expp{tv), t £ [0, 1], has length \\v\\^. 

Proof. The proof for Riemannian Hilbert manifolds is algebraic in nature and so 
carries over to weak Riemannian manifolds — here we just give a sketch. Since the Levi- 
Civita connection is metric, its parallel transport along any curve is an isometry of the 
tangent spaces. That a is a geodesic implies that a'{t) is parallel along a, and hence a'{t) 
has constant length. Since a'(0) = v, this length is H^H^. □ 

Unfortunately, we cannot prove much more that is useful about weak Riemannian 
manifolds without first making a couple of assumptions on the exponential mapping. 
Basically, we want it to exist and to be a diffeomorphism between some open sets — so 
we'll have to assume that as well. The next bit of terminology incorporates this, and also 
adds one technical detail that we'll soon need. 
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Definition 2.24. We call a weak Riemannian manifold (A^, 7) normalizahle at x if 
there are open neighborhoods Ux ^ TxN and Vx ^ N containing and x, respectively, 
such that 

(1) the exponential mapping exp^ exists and is a C^-diffeomorphism between Ux and 
Vx] and 

(2) the following function is continuous: 

R : TxN M+ 

V I— > sup{r G ]R-(_ \ r ■ V G Ux}- 

Note that the neighborhoods Ux and Vx are required to be open in the manifold topology 
of N. We do not require that Ux be open in the topology induced by 7. 
We call (A^, 7) normalizahle if it is normalizable at each x N. 

Definition 2.25. Let (A^, 7) be a weak Riemannian manifold and let x G N. We 
denote by SxN C TxN the unit sphere, i.e., 

SxN = {v£ TxN I \\v\\^ = 1}. 

For the rest of this section, let (A^, 7) be a weak Riemannian manifold that is normal- 



izable at a point x ^ N, and retain the notation of Definition 2.24 



The following lemma shows that the exponential mapping of a weak Riemannian man- 
ifold that is normalizable at x is defined on some nonzero vector pointing in each direction 
in r^A^. 

Lemma 2.26. For each v G TxN, R{v) > 0. 

Proof. Let v £ TxN be given. Since TxN with its manifold topology is a topological 
vector space and Ux is a neighborhood of the origin, there is some e > such that 
e - V £Ur. □ 



Remark 2.27. Lemma 2.26 does not imply that R{v) is uniformly bounded away from 
zero, even if we restrict the domain of R to SxN at each x € N. 



This next proposition is the analog of Theorem |2.21[ and is proved similarly. 

Proposition 2.28. Let r(s) • v{s) e Ux, s e [0,1], be a path in Ux such that v{s) £ 
SxN, r(s) G M>o. (That is, we express the path in polar coordinates.) We define a path a 
by a{s) := exp^{r{s)v{s)), s G [0,1]. Then 



L{a) > |r(l) - r( 
with equality if and only if v{s) is constant and r'{s) > 0. 



Proof. By Definition 2.24 and Lemma 2.26 as well as the compactness of [0, 1], there 
exist e,5 > such that if 

(s,t) G U,,s ■■= {{s,t) gM^ I sG [0,1], t G [-e,r{s) + 6]} , 

then t ■ v{s) G Ux- 

We define a one-parameter family of paths in A^ by 

Cs{t) := exp(t • v{s)), {s,t) G U^^s 

Note that for each fixed s, the path t Cs{t) is a geodesic with 

(2.19) \\dMt)\\,^\\dtCsmU = \\v{s)\\, = l. 

Note also that the image of the family of paths c.(-) is a singular surface in A^ parametrized 
by the coordinates {s,t). 
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Keeping this in mind, we compute 



V 



daidsCs{t),dtCsit)) = 7 ( —dsCs{t),dtCs{t) ) + 7 ( dsCs{t), -^dtCsit) 



(2.20) 



7 (^^dtCs{t) , dtCs{t) 
1 



V 



dt 



dsj (dtCsit) , dtCs{t)) 



Here, the second hne holds because 

• s and t are coordinate functions, and hence (covariant) derivatives in the two 
directions commute, and 

• 1 1— > Cs{t) is a geodesic, hence ^dtCs{t) = 0. 

The last line follows directly from (2.19). 
From (2.20), we immediately see that 

{dsCs{t) , dtCs{t)) 

is independent oft. However, we also have that Cs(0) = x for all s, implying that dsCs{0) = 
0, thus 

= -f{dsCs{0),dtCsm = -f{dsCs{t),dtCs{t)) 

for all t. That is, dgCs^t) and dtCs{t) are orthogonal for all s and t. 
We now estimate: 

2 



Cs{r{s)) 



\dsCs{r{s)) + r' {s)drCs{r{s))\\l^ 
\dsCs[r[s))\\l + \r\s)\^\\drCs(r[s) 



> |r'(s)|2. 

Here, in the third line, we have used orthogonality of dsCs{t) and dtCs{t). In the last line, 
we have used (2.19). Note that equality holds if and only if \\dsCs{r[s) 



Finally, we see that 
L(a) = 



\\a{s)\\^ds> [ \r'{s)\ds> [ r'(s) 
Jo Jo 



ds 



\r(l) 



= 0. 



r(0)|, 



which proves the desired inequality. We note that the first inequality is an equality if and 
only if ||9sCs(r(s)) 11^ = (see the previous paragraph) and the second inequality is an 
equality if and only if r'(s) > for all s. □ 



Finally, we get the analog of Theorem 2.22 The remark afterwards points out in what 
way this is weaker than that theorem, however. 

Proposition 2.29. Suppose y e Vx with exjp~^{y) = v. Then the path 

a : [0, 1] Vx, a{t) = exp^.(t • v) 

satisfies L{a) = \\v\\.y, and a is of minimal length among all paths in Vx from x to y. 
Furthermore, a is the unique minimal path (up to reparametrization) in Vx from x to y. 

Remark 2.30. Note that we will only show that a is minimal only among paths (or 
geodesies) in V^, not all paths (or geodesies) in N . In particular, we cannot conclude from 
Proposition 2.29 that d^{x,y) = L{a). 
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Figure 2. A path between two points in V C N that travels out of and 
back into V in possibly very short distance. The dashed circle on the left 
represents the sphere of radius || exp~^(y)||^(a,) in T^N. 



Proof. The equality L(a) = \\v\\^ holds by Proposition 2.23 

A path r/(s), s S [0, 1], in Vx from x to y corresponds via exp~^ to a path r{s) ■ v{s) in 
Ux with v{s) E SxN, r(0) = and r(l) • v{l) = v, implying |r(l)| = ||f H-y. By Proposition 
|2.28[ we therefore have that 

(2.21) L{rj) >\\v\\^ = L{a), 

immediately implying minimality of a. 



Let equality hold in (2.21). Again by Proposition 2.28 this implies v{s) is constant 
and r'(s) > for all s. However, this means that rj is just a reparametrization of a, 
proving the second statement. □ 



As an obvious result of Proposition 2.29 we get the following criterion for a weak 
Riemannian manifold to be a metric space. It requires rather strong assumptions which 
could probably be weakened significantly, but it will be sufficient for some purposes that 
we have in mind — specifically, we will use it to show that certain submanifolds of the 
manifold of metrics are metric spaces. 

Theorem 2.31. Let {N,j) be a weak Riemannian manifold. Suppose that for some 
X & N, the exponential mapping exp^. is a diffeomorphism between an open ( in the manifold 
topology) neighborhood Ux of G TxN and N. 

Then (N,d-f), where d-f is the Riemannian distance function of 'j, is a metric space. 

Proof. Let y £ N. It remains to show that li y x, then d{x,y) > 0. But if 
exp~"'^(y) = V, then Proposition 2.29 shows that the shortest path from x to y in is 
exp^(t • v), which has length ||?;||. Therefore d{x,y) = \\v\\ > 0. □ 

Proposition 2.29| of course cannot tell us anything about whether a general weak Rie- 



mannian manifold (A^, 7) is a metric space, and given the example of Subsection 2.4.2 



neither can any other theorem, since at a point x G A, the exponential mapping exp^. 
need not be defined on any 7(x)-open neighborhood of G TxN. This means that we 
cannot use the exponential mapping directly to control the lengths of curves between two 
chosen points. 

Let's be more precise about this. Assume that for some point x G N, exp^, is a 
diffeomorphism between open sets U G TxN and V G N, but that U contains no j{x)- 
open ball. Say we are given a point y £ N, and let's even assume that y £ V to illustrate 
our point most dramatically. We know that U does not contain any 7(x)-open ball around 



zero, and from Proposition 2.29 a radial path in U is mapped by exp^ to a minimal 
geodesic between its endpoints (minimal among the class of paths remaining within V). 
Thus we can imagine a radial path that starts at x, leaves V after an arbitrarily short 
distance, then reenters V such that its image under exp~^ lies on the sphere of radius 



exp- 



7(2:) • 



This is illustrated in Figure [2| In this case, the results stated so far do 
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not allow us to control the length of our path outside of V or on the second piece inside 



V, since Proposition 2.28 does not tell us anything about paths with r{t) constant (in the 
notation of that proposition). Our results therefore do not rule out paths of arbitrarily 
small length. 

2.5. The manifold of metrics M. 

In this section, we define the manifold of smooth Riemannian metrics M over a closed, 
finite-dimensional base manifold M. We are especially interested in the geometry of the 
so-called metric (•, •) on Ad, which is a weak Riemannian metric on a Frechet manifold. 
We will also discuss A4^, the manifold of Riemannian metrics with coefficients, which 
is a weak Riemannian Hilbert manifold. These objects will be defined in the first two 
subsections. In the third subsection, we will give a useful decomposition of Ai into a 
product manifold, a decomposition that we will refer back to later in the thesis. Finally, 
we will mention some facts about the geometry of (•,•)) that are already known, such 
as formulas for its curvature and geodesies. 

All of the facts in this section are culled from the three papers [11 , [19' and [20J. 
We refer the reader to these for more details, and we will also reference specific theorems 
at appropriate points. We point out a few differences between the papers. The study of 
the geometry and topology of (A^, (•,•)), as well as that of superspace (the quotient of 
Ai by the action of the diffeomorphism group) was initiated in [llj in the H'^ setting- 



i.e., this paper studied the manifold of metrics with H'^ coefficients (see Subsection 2.5.1 ). 
Much later, |19] computed the curvature and geodesies of Ai using some general theorems 
from the context of strong Riemannian Hilbert manifolds. Most of these general theorems 
carry over to weak Riemannian manifolds, however, and the explicit formulas of [l9j all 
match up with those of |20j . which computed the same things using tools strictly from 
the theory of weak Riemannian manifolds. Furthermore, |20] computed the analogs of 
Ricci curvature, scalar curvature and Jacobi fields in this setting, and additionally did not 
require the base manifold M to be compact — simply without boundary. 

2.5.1. Definition of the manifold of metrics. Let S'^T*M denote the second 
symmetric tensor power of the cotangent bundle, and let S := T{S'^T* M) denote the vector 



space of smooth, symmetric (0, 2)-tensor fields on M. By the discussion in Subsection 2.2.3[ 
5 is a Frechet space with topology coming from the H'^ norms induced by any smooth 
Riemannian metric g on M. Furthermore, for s G N U {0}, we define 5** := H^{S'^T* M), 
i.e., S'^ is the vector space of -ff* sections of S'^T*M. We equip with the norm 
induced by any smooth Riemannian metric g. 

The first thing we note is that while the norm on S'^ (and the collection of norms on 
S) depend on our choice of g, the topologies of S and do not. This was pointed out in 
Subsection 12:2:31 

Now, let Ad G S and Ai'^ C S'^ denote the subsets of smooth Riemannian metrics 
and Riemannian metrics with coefficients, respectively. That is, Ai and Ai^ consist of 
those elements that induce positive definite scalar products at each point. We claim that 
for s > n/2, Ai'^ is an open subset of 5^*, implying also that Ai is an open subset of S. 
This follows easily from the Sobolev embedding theorem, for if s > n/2, then a bound on 
the norm of a tensor field implies a bound on the norm. Thus it is easy to see that 
if g S Ai^ is any H'^ (and hence continuous) metric and h £ is any tensor field with 
sufficiently small (and hence C") norm, then g-\- h will also be positive definite. Note 
also that AA. and AA^ are positive cones, i.e., if g^ and gi are metrics and A,// > 0, then 
Ago + is also a metric. 

As open subsets of vector spaces, we trivially have that is a Frechet manifold and 
is a Hilbert manifold. For the remainder of the section, we will only discuss the 
manifold of smooth metrics Ai, as this is our main object of interest. This is in the 
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interest of brevity and clarity of presentation only. All results hold for A4'^ as well if one 
uses objects instead of smooth objects and puts a superscript "s" on all manifolds of 
mappings, i.e., considers spaces of instead of smooth mappings. We will point out a 
couple of examples along the way to show what we mean by this. 

Since Ai is an open subset of 5, its tangent space at any point g £ Ai is canonically 
identified with 5, i.e., TgAi = 5. We will use this identification over and over throughout 
the thesis. 

2.5.2. The metric. Since S'^T*M is a vector bundle associated to the tangent 
bundle, a Riemannian metric g £ Ai induces a Riemannian metric on S'^T*M. Let's take 
a look at some fundamental linear algebra before we write down this metric. 

If iy, (•, ■)v) and iW, (•, ■)w) are vector spaces over the same ground field with scalar 
products, we can form a scalar product on their tensor product V ®W \n the following 
way. For tensors of the form v ® we define 

(2.22) {Vi ®Wi,V2® W2)v®W ■= {vi,V2)v{'Wl,W2)w, 

and this definition is then extended via bilinearity to all oi V <^ W. 

The scalar product induced by the Riemannian metric g on the cotangent space T*M 
is given in local coordinates by 

g{x){a,(3) = g'^OiPj. 



Hence, by (2.22), on the tensor product T*M ® T*M, the scalar product on elements of 



the form a Cg) /? is given by 

g{x){a^P,-f^6) = g{x){a,j) ■ g{x){p,6) = g'^ aajg''^ Pk^i- 

It is easy to see that the general formula, obtained by extending via bilinearity, is the 
following. For h,k£ T*M (g) T*M, 



(2.23) g{x){h,k)=g'^hug''^k. 



Remark 2.32. By the considerations above, a Riemannian metric g £ Ai gives rise 
to a Riemannian metric on any bundle associated to the tangent bundle (i.e., any bundle 
that can be built from TM using tensor products, taking the dual, symmetrization, an- 



tisymmetrization etc.), since we know that g' ^ is a metric on T*M and (2.22) shows us 
how to form a scalar product on tensor products of vector spaces. 

Let's now restrict to symmetric tensors. Denote by Sx ■= S'^T*M the symmetrization 
of T*M (8) T*M. Let h,k £ Sx, and let H and K be the tensors obtained from h and 
k, respectively, by raising an index with g. Then H and K are (1, l)-tensors, or in other 
words endomorphisms of TxM. So in particular, we can multiply them. Since they are 



symmetric, we can use (2.23) to get 



(2.24) g{x){h, k) = g''hug''^kjm = g^'hug'^^km, = H^K^ = ti{HK) =: trg{hk). 

The above expression is called the (7-trace of hk. It is sometimes useful to write this in 
the notation of matrix multiplication, so that 

tig{hk)=tr{g-^hg-^k), 

which is of course only valid in local coordinates. 
Uh£ Sx, we can similarly define its g-trace to be 

tTgh = tiH = tr(5-~^/i) = g^^hji. 

Remark 2.33. Note that we could have defined a scalar product on S'^T*M more 
generally by 

trg{hk) + a trg{h) tig(k) 
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for any a G M. These more general scalar products are studied in [46'. By setting a = we 
get the metric back, and for a = — 1 we get the metric used by DeWitt [ lOj mentioned 



in Section 1.3 The scalar product is positive definite if a > — it is nondegenerate if 
a 7^ — 1/n. 

There are two reasons we have chosen to study the metric in particular. The first 
is that, as we have tried to show in this subsection, the metric arises canonically in the 
differential geometric context. The second is the connection to Teichmiiller theory that 
was mentioned in Section 1.2 and which will be elucidated in Chapter [6j 

We now want to define the (7-trace of a section or a product of two sections of S'^T*M, 
which we can do by simply taking the 5-trace at each point. We introduce the following 
notation for this: 

Definition 2.34. Let g be any Riemannian metric, and let h and k be elements of S. 
(We do not assume g, h or k to be smooth or even continuous.) We denote the (7-trace of 
hk by 

{h, k)g := tTg{hk). 

For each fixed choice of g, h, and k, it is a function mapping M — > M. 

If it is necessary to explicitly denote at which point this expression is taken, we will 
write {h{x),k{x))g^x)- Usually, though, the point x will be clear from the context and 
omitted from the notation. 

Lemma 2.35. For any fixed g £ M and x G M, {■,-)g is a positive definite scalar 
product on Sx- Furthermore, we can use it to define a smooth Riemannian metric {■,■) on 
the finite- dimensional manifold 

(2.25) Mx:={geSx\g>0} = {^(x) \ g £ M} 

by using the scalar product (•, ■)g on each tangent space TgMx = ^x- Of course, g > 
indicates that g defines a positive-definite scalar product on TxM . 

Proof. We start with the proof that (•, ■)g is a positive-definite scalar product on Sx 
for any fixed g. Bilinearity is clear, so we simply have to prove positive definiteness. If 
h £ Sx, then 

{h,h)g=tT{H^) 



by (2.24). Let's fix any arbitrary coordinates around x and look at this expression locally. 
From elementary linear algebra, we know that the trace of any matrix is equal to the sum 
of its eigenvalues. Additionally, the eigenvalues of are the squares of the eigenvalues 
of H. Therefore, if , . . . , are the eigenvalues of H and h is nonzero, 

tr(i72) = (Af)2 + ... + (A^)2>o. 

Of course, for this inequality to hold, we have to know that the eigenvalues of H are real — 



but this was proved in Lemma 2.11 (Note that positive definiteness of (•, •)g actually also 



follows easily from that of g combined with (2.22). Nevertheless, we will use the facts 
stated here later, so it is worthwhile to mention them.) 

As for the second statement, note first that A4x is indeed a finite-dimensional manifold, 
as it is an open set in the vector space Sx- (This also gives us the identification of TgMx 
with Sx-) Also, for any fixed h,k £ Sx, the function g 1— > tvg{hk) = tT{g~^hg~^k) is 
clearly smooth over -Mx- Combined with the positive definiteness of (•, ■)g for fixed g, this 
completes the proof that (•, •) is a Riemannian metric. □ 

Since each tangent space of Ai is identified with S, a Riemannian metric on M will 
give, for each Riemannian metric on M, a positive scalar product on smooth sections of 
S'^T*M- We have just described a canonical positive definite scalar product on S'^T*M, 
and to pass to sections we do the obvious thing: we integrate it. 
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Definition 2.36. The metric on M is defined to be 

{h,k)g:= tvg{hk)ng iov all h,k £ S ^TgM, 
Jm 

where ^g is the volume form induced by g. 

For any given g £ M, we denote by || • \\g the norm on S induced by (•, ■)g, that is, 



\\h\\g := Y (/i, h)g for all h £ S. 
Finally, we denote the distance function (a pseudometric) induced by (•, •) simply by 



d. 



The metric is indeed a smooth Riemannian metric — this is proved in |1H §4]. (In 
fact, (•, •) is smooth in the topology on Ai^ for any s > n/2.) We will not repeat the 
proof of smoothness here, but it is easy to see bilinearity and positive definiteness — the 
latter follows simply from positive definiteness of (•, ■)g at each point of M. 

The name of the metric is not there just for fun. It is, in fact, a weak Riemannian 
metric inducing the topology on each tangent space, as the following theorem due to 



Palais [44, §IX.2] shows. (We have already mentioned this theorem in Subsection 2.2.3 
but we restate it here in this context and with an extra statement, the equivalence of the 
scalar products, which is implied by the proofs in the above reference.) 

Theorem 2.37. Let go,gi G Ai. Then (•, and (•, ■)g-^ are equivalent scalar products. 
In particular, they both induce the same topology on S, the topology. 

Ebin even pointed out in [11, §4] that the theorem still holds if go and gi are only 
assumed to be continuous rather than smooth. 

Let us make a brief technical note at this point. When we use the term "L^ topology" , 
what we really mean is that we give this name to the topology induced from {■,-)g for some 
g £ M. Of course, when we think of objects, we think of functions that are square 
integrable, so we might ask whether a similar interpretation holds for the completion of S 
with respect to (•, ■)g. In fact, looking at the coefficients of a tensor field as local functions, 
defined over a coordinate chart, we claim that elements of the completion of S with respect 
to {•,-)g a-re precisely those tensor fields with coefficients that are L^-integrable over any 
chart. 



The reason for this is that the proof of Theorem 2.37 is pointwise in character — that 
is, not only are (•, Oso {■,-)gi equivalent for any go,gi £ M., but there are constants 
C, C" > such that for all x £ M and h,k £ S^, 

^ ^T^gi(x){Hx)k{x)) <tig^(^^){h{x)k{x)) < CtTg^(^^){h{x)k{x)) 



C 
and 



(For the reader who desires more details, the proof of Lemma 3.13 below will eventually 
make this clear.) Thus, {•,-)go ^^'^ i'^')gi equivalent not just on sections of S'^T*M 
defined over all of M, but also equivalent if we restrict them to sections defined only over 
some subset of M. 

Fix a coordinate chart U and choose a metric g^ with the property that g^j = 6ij on 
U. Also fix an arbitrary metric g £ Ai. On sections of S'^T*M defined over [/, (•,-)g 
is equivalent to (•, ■)gU by the arguments of the previous paragraph. But the completion 
with respect to (•, ■)gU of the space of sections of S^T*M over U consists of exactly those 
sections with square integrable coefficients, since locally 



ti gu{hk) = S^'^hiid'-'^kjm = ^ hijk, 
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This shows that the topology (and the completion) of S with respect to (•, ■)g is the 
same as the "naive" topology coming from the (local) square integral of the coefficients 
of tensor fields. What this means is that we can use results on the topology for functions 
and apply them to S with the topology given by (•, ■)g — always viewing the coefficients of 
tensor fields as local functions. 

2.5.3. A product manifold structure for M. Let's move on to studying the struc- 
ture of Ai with respect to the metric. The goal of this subsection is to define a splitting 
of M as the product of the set of metrics inducing the same volume form and the set of 
volume forms on M. 

Select any volume form /i G V and define 

(2.26) M^:={geM \ fig = fi}, 

that is, is the set of all metrics which induce the volume form /x. Then is a 
smooth submanifold of M (cf. |1H Lemma 8.8]). 

Consider the map g Hg, mapping Ai to V. We wish to compute the differential of 
this map, since this will help us to figure out what the tangent space to at a point is. 
The result is given in the following lemma. 

Lemma 2.38. Let g £ M and h £ S. We have 

1 



DfJ-g[h] = - tr g{h)ng 



Proof. We wish to compute 



Dfig[h] 



If we write this is local coordinates 
we have 

d , 

fJ-g+th 



dt 



fJ'g+th- 



t=0 



, and let I denote the n x n identity matrix. 



dt 



d 
dt 



^/det{g + th) dx^ • • • dx" 



(2.27) 



Vdet(I + t5-i/i) ) Vdet gdx^--- dx" 

i=0 / 

Vdet(/ + tg-i/i) ) iig. 



t=o 



To compute the derivative term above, recall that for any square matrix A, exptr^ = 
det exp A, where exp is the matrix exponential. Recall also that exp is a local diffeomor- 
phism between a neighborhood U of the zero matrix and a neighborhood V of the identity 
matrix in the space of n x n matrices. So if At is a one-parameter family of positive definite 
symmetric matrices with Aq = I and At £ V then we can write Bt = log At uniquely. 
This allows us to compute 



dt 



det At 



t=o 



d^ 
dt 



det exp Bt = — exp tr Bt 

t = dt ^^Q 

= (tr5t)'exptrB4^p = {trBtYl^^, 

where the last equality follows from Bq = log / = 0. Now, note that A 
map, so its differential is given by the map itself again. Therefore 

det At 

t=o 

A'q. This follows from the fact that for any matrix X, 
d 



tr A is a linear 



(2.28) 



dt 



(tri?i)'|t=o = t^^o- 



We now claim that B'q 



dt 



exp(tX) = X, 



t=o 
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If we define the notation ^ := exp and ^' := log, we can write this another way: 

i:>^>(0)X = X =^ D<^>{0) = id . 
As ^' is the inverse function of ^ on the neighborhood V, D'^(C) = D<I>(^'(C))"^ for any 



C eV. Since ^(/) 



0, we have that D^{I) 
d 
~dt 



B' 



log^t 



t=0 



Substituting this into (2.28), we get 

d_ 
di 



det At 



id. This implies 
A' 



Using the above in (2.27) and making a straightforward computation finally gives the 
result. 



Returning to A^^, since the map g 
lemma that 



□ 

fj,g is constant over Mfj,, we see from the previous 



(2.29) 



{heS 



tig h 



0}. 



That is, the tangent space to at g is given by the 5f-traceless tensors. Let us denote 
the set of g-traceless tensors by ST. 



Let |U S V be any smooth volume form on M. Then, as pointed out in Section 2.3 for 
any u gV there exists a unique C°° function, denoted {v/ ^i)-, such that 



(2.30) 



/X. 



Furthermore, if g G and / G "P, i.e., / is a smooth positive function, then from the 
local expression for (cf. (2.16)) we see that 

(2.31) ^lfg = Pl^ljig. 

From these facts, it is easy to see that if the metric g induces the volume form ^ and 
G V, then the unique metric conformal to g inducing the volume form v is 

2/n 



9 ■-- 



9- 



This gives us the idea for a splitting of A^: by the considerations of the last paragraph, 
there is a bijection between A4 and x V. In Section 2.3 , we saw that V is diffeomorphic 
to V, and so we can also say there is a bijection between M and A^^ x V. This is more 
intuitive, as it basically says that choosing a metric from M is the same as choosing an 
element from A4n, which induces a fixed volume form, and then picking a volume form. 



In concrete terms, we define a map 



M^,xV 



(2.32) 



i9,J^) 



M 

V 



2/n 



Thus, maps (5, i^) to the unique metric conformal to g with volume form v. It is 
straightforward to show that is not only a bijection, but a diffeomorphism. 

To compute the differential of i^, recall from Section 2.3 that TyV = r2"(M). Also, 
since a ^ (a//u) is a linear map from r2"(M) to C°°(M), its differential is again given by 
the map itself, i.e., /3 1— > (/3//u). This gives us all we need to compute 



(2.33) 



B>ii,{g,v)\h,o\ 



where a G 17"(M) = T^V and /i G cSj 



5 + 



2/n 
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As a submanifold of Ai, has a natural Riemannian metric induced from the 
metric of M. We can use the map to define a Riemannian metric on V as follows. For 
every g £ Ai^, we can embed V into j\4 via 

V^{g}xV^M. 

Let ((•,•)) be the pullback of the metric (•, •) along this embedding. To compute ((•,•))) 
note that fJ'i^{g,^) = i^, and for all a G r2"(M) and i^, A G V, 

-1 

and 



Using this and (2.33), we can compute 

{{a,P))^ = {Di^{g,iy)[0,a], Dif,{g,u)[0, P])i^(^g^^) 

'-1 




Note that ((•,•)) is actually independent of the elements g and /x we chose to define the 
embedding V 7W, so it is a natural object. In fact, ((•,•)) is just the constant factor 4/n 
times the most obvious Riemannian metric on V. 

We know that V is diffeomorphic to V. Furthermore, if g( G is any smooth metric, 
then the orbit of the conformal group V through g, V ■ g, is also diffeomorphic to V. So 
composing diffeomorphisms appropriately, we can also see that Ai = Ai^ x V = Ai^ xV-g. 
Each viewpoint may be useful, depending on the context. 



The global splitting (2.32) also, of course, gives a splitting of the tangent space at each 



9^ 



g e Ai. Let's describe this briefly. 

Let {g, u) G A\^ x V. From (2.33), it is easy to see that 

(2.34) I)v(g,zv)[0,r,V] =C~(M). f^J g = C°^{M)-g 

In other words, the image of the tangent space of V under the differential of is the 
set of pure trace tensors. Let us denote the set of such tensors by Sg := C°^(M) • g. 
(The superscript "c" stands for "conformal.") Furthermore, we can also compute that if 
/ := (i//^)"/2, then 

(2.35) Di^{g,v)[TgM^M 

Note that this computation uses the fact that tifg{fh) = iig h for any h £ S. 

Let g eM and {g, u) := i~^{g). By < \2M\ and ( |2.35| ), the splitting ( |2.32| ) then implies 
that 

(2.36) TgM = {Di^{g,u)[TgM^.M)®{Di^.{~g,v)[Q,T,V])=S'^ ©S^g. 

It is easy to see that this is, in fact, an orthogonal splitting of TgAi with respect to (•, ■)g. 
For if /i G 5 J and k = fg & Sg, then we have 

(2.37) tTgihk) = iT{g-^hg-\fg)) = f.tvgh = 0, 

since tig h = by assumption. 

The splitting given in this subsection plays an important role in the general theory 
of A^. In particular, as we will see in the next subsection, results on the curvature and 
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geodesies of the metric can be nicely stated and more easily visualized using this 
product manifold structure. 



2.5.4. The curvature of M. The computation of the curvature (and, in the next 
section, of the geodesies of A4) is greatly simplified by a heuristic consideration. Namely, 
we can intuitively think of the metric on as a product metric with an infinite number 
of factors, one for each x £ M. "Summing up" the different terms in this product metric 
is then done by integration. Of course, this is only a formal construction, but it is a 
useful practical aid. More details about how this can be made rigorous, in a much more 
general context, are given in 1 9. Appendix]. In a case like this, one often says that the 
computations are pointwise in nature. 

To illustrate what this means, we take the example of a geodesic in A^. A path in Ai 
is a one-parameter family gt of Riemannian metrics on the base manifold M. Thus, for 
every x € M, gt{x) is a one-parameter family of positive definite elements of Sx that glues 
together to a smooth metric over M for each t. The geodesic gt is additionally completely 
determined by an initial metric g^ and a tangent vector g^ G Tg^M. When we say that 
the geodesic equation is pointwise, what we mean is that we can go one step further and 
say that the path the geodesic takes at a point, gt{x), is determined completely by the 
values go{x) and gQ{x). 

Now that we know what a pointwise computation is, we will keep these considerations 
in mind as we continue. However, before we can write down formulas for the curvature 
of A4, we need to take care of an issue that is technical in nature but central in its 
implications — namely the existence of the Levi-Civita connection of the metric. 



Recall that in Subsection 2.4.3 we pointed out that the Levi-Civita connection of a 



weak Riemannian manifold does not necessarily exist. If it does exist, however, it is unique. 



The problem was that the Koszul formula (2.18) only guarantees the existence of the Levi- 



Civita covariant derivative of a vector field at a point as an element of the completion of 
the tangent space (with respect to the Riemannian metric), not of the tangent space itself. 

Thus, given two vector fields h and k on Ai {h and k are, at each point of 7W, smooth 
sections of S'^T*M), (2.18) only guarantees that the Levi-Civita covariant derivative Vhk\g 



at a point G is an element of L'^{S'^T*M), since (•, •) induces the topology on each 
tangent space. 

To show that the Levi-Civita connection does indeed exist, i.e., that Vhklg is a smooth 
section of S'^T*M for ah vector fields h,k e C^iTM) and all g e M, Ebin [m §4] 
exhibited an explicit formula for V/^/clp on Ai^ and showed that V^/sl^ is if h, k, and 
g are. Thus, it is also smooth if h, k, and g are all smooth. The precise formula is the 
following: 



(2.38) Vhk\g = ^ 



k{g + th{g))-l{hg ^k + kg ^h) + ^{{tig k)h + {tig h)k-tig{hk)g), 
t=o ^ ^ 



where h(g) G TgAi = S is the value of the vector field h at the basepoint g, and similarly 
k{g + th{g)) G 5 is the value ol k at g + th{g) for small t. (Bear in mind that a smooth 
vector field on 7W is a smooth choice of an element of S for each g & M.) It is easily seen 
from ( |2.38| ) that Vhk\g is an if** section of S'^T*M if h, k, and g are (see [TTj §4] for an 
explicit proof), and furthermore that this expression varies smoothly with g. 

Now that we know the Levi-Civita connection exists, we are assured that the curvature 
and geodesies of A4 with its metric are defined. After some general discussion, the goal 
of this subsection is to take a look at the curvature of M. and, because it will play a role 
later, also that of V, V, and V ■ g. 

We now quote the theorem giving the curvature of Ai : 



46 



2. PRELIMINARIES 



Theorem 2.39 ([20', Prop. 2.6]). Let h,k,i£ TgM, and let H = g-^h, K = g-^k and 
L := g^^£. We denote by I the section of the endomorphism bundle End(M) that gives 
the identity map at each x £ M . 

The Riemannian curvature tensor of Ai with respect to the metric is given by 

g-^Rg{h,k)e = -h[H,K],L] + ^{tr{HL)K -tT{KL)H) 
4 16 

+ 4(tr(A') tr(L)F - ti{H) ii{L)K) 
16 

+ — (tr(if) tr(KL) - ti{K) ti{HL))I. 
16 

Remark 2.40. As is well known, in the literature on Riemannian geometry there are 
two conventions for defining the Riemannian curvature tensor. The convention we use is 
the following. If is a Riemannian manifold with Levi-Civita connection V, we define 

R{X, Y)Z = Vx^yZ - Vy^xZ - V[x.y]Z 

for any vector fields A, Y and Z on N . 

The formula differs from the one in |20] by a negative sign, and is the same as the one 
used in 



Here we make the observation that Rg{h, k)£ = if any one of h, k oi i is pure trace — 
i.e., of the form fg for / G C°°(M). This is readily checked using the above formula, 
but it can also be seen via more geometric arguments (as is done in |19] ). Using this 
observation, it is possible to write the curvature in a more compact form, as well as give 
a clean expression for the sectional curvature of Ai. For the proof of the entire theorem 
we refer to the original source P^, Thm. 1.16 and Cor. 1.17]. 

Corollary 2.41. Let notation be as in Theorem 2.3S\ If any of h, k, or i is pure 
trace, then Rg{h, k)£ = 0. // h,k,£ £ Sj, then we have 

g-^Rg{h, k)e = -^[[H, K],L] + ^{ti{HL)K - tr{KL)H). 



By the splitting (2.36), this determines the Riemannian curvature tensor completely. 

^9 



Furthermore, for h,k £ ST , the sectional curvature of M is given by 



Kg{h, k) = (Rgih, k)k, h)g = ^ IT {[H , K]^) + ^^{i^ [H Xf - tv{H^) tv{K^))^ fj^g. 

If either of h or k is pure trace, then Kg{h, k) vanishes. 

Finally, the above formula implies that Kg{h, A;) < for all h,k £ TgM and all g £ M. 

Using a result of Freed and Groisser [191 Prop. 1.5], we can also prove the following: 

Proposition 2.42. Equip V with the weak Riemannian metric given by pullback along 
i^ (see ( 2.32[ ) ). Equip V with the metric given by pullback along the diffeomorphism (2.15) 
with V. Finally, for g £ M, give the orbit V ■ g the metric it inherits as a submanifold of 
M. 

Then V, V , and V ■ g are all isometric. Furthermore, they are fiat, i.e., their Rie- 
mannian curvature vanishes. 

Proof. Freed and Groisser prove that V with the given metric is flat, so if we can 
show that V, V, and V ■ g are all isometric, then the statement is immediate. 

By construction, it is clear that V is isometric to V with the given metrics. 

As for V ■ g, since {i^/ can be any positive function given an appropriate choice of 
a volume form the image of i^ is exactly V ■ g. Since V with the pullback metric is 
isometric to its image under as a submanifold of Ai, this shows that V ■ g is isometric 
to V. □ 
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2.5.5. Geodesies on Ai. Now that we have given the curvature equation for Ai, 
we'll take a look at its geodesies. It turns out that the geodesic equation can be solved 
explicitly, and the result is the following (see |19| Thm. 2.3], |20| Thm. 3.2]): 

Theorem 2.43 (The geodesic equation of M). Let go £ M and h G Tg^^M = S. Let 
H := g^^h and let be the traceless part of H . Define two one-parameter families qt 
and rt of functions on M as follows: 



gi(x) := 1 + ^trF, rt{x) := ^^ntr((/i'^)2). 

Then the geodesic starting at go with initial tangent g'^ = h is given at each point x & M 
by 



9t{x) 



{qKx) + rKx)) ^ 5o(x) exp ( ^^^^^^,^^^,^ arctan {0) H^x)^ , H^x) / 0, 
t{xf'^go{x), H^{x) = 0. 



For precision, we specify the range of arctan in the above. At a point where tr if > 0, 
it assumes values in (— f , f )• At a point where ti H <0, aictan{rt / qt) assumes values as 
follows: 

(1) in [0,f) ifO<t<-^, 

(2) in (f,7r) if-^ <t<oo, 

and we set aictan{rt / qt) = | if t = — ^^jT^- 

Finally, the geodesic is defined on the following domain. If there are points where 
= and ti H < 0, then let tQ be the minimum of tr H over the set of such points. In 

symbols, 

to := inf{trii(a;) | H^{x) = and ti H{x) < 0}. 
Then the geodesic gt is defined for t G [0, — 

If there are no points where both = and ti H < 0, then gt is defined on [0, oo). 



Remark 2.44. The geodesic given in Theorem 2.43 is parametrized proportionally to 



arc length. That is, for each r > such that gt is defined on [0,r], we have 

L{9t\io,T]) = T\\h\\gg. 

As for the distinguished submanifolds of M that we have studied, their geodesies are 
given in the following two propositions. 

Proposition 2.45 ([191 Prop. 2.1]). If g e M, then V ■ g is a totally geodesic sub- 
manifold. Therefore, the geodesic inV-g starting at go with initial tangent ago is given 
by 

t \4/n 



gt= yi+ n-a j go. 

As a result, the exponential mapping exp^^ is a diffeomorphism from an open set U C 
Tgoi'P • g) onto V ■ g. 

Proposition 2.46 ([m Thm. 8.9] and [HI Prop. 1.27, Prop. 2.2]). The submanifold 
is not totally geodesic. However, it is a globally symmetric space, and the geodesic 
starting at go with initial tangent gQ = h is given by 

gt = goexjp{tH), 

where H := gQ^h. 

In particular, is geodesically complete, and exp^ is a diffeomorphism from T^A^^ 
to Mfj, for any g G M^^. 
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Note a consequence of Theorem 2.43 that is very important to us. Our goal being the 

assures us 



description of the completion of 7W, the following corollary to Theorem 2.43 
that we actually have something to study. 

Corollary 2.47. The manifold of metrics is incomplete (geodesically and as a metric 
space) with respect to its metric. 

Proof. Choose any g'o S A^, and choose any h £ S such that \\h\\gg = 1 and there is 
at least one point where -ff"^ = and tr H < 0. Then the geodesic gt starting at in the 
direction of h has maximal domain of definition [0, — and its length over this domain 

is finite (in fact, equal to — ^). □ 
We are interested in studying the completion of M, and we have just shown in Corol- 



lary 2.47 that it is incomplete. Furthermore, this is very simply expressed through the 
non-extensibility of a geodesic, for which we have an explicit formula. So it is worthwhile 
to take a closer look at why geodesies can fail to be extensible, and see what this does and 
does not tell us about the completion of Ai . 

First, by Theorem 2.43| a geodesic can fail to be forever extensible only if it has a point 



where h{x) = gQ{x) is pure trace, i.e., where H'^{x) = 0. Why is this? A quick look at 
the geodesic equation provides the answer: if H^{x) ^ over all of M, the n rtjx ) ^ 
as well. This is because tr((i7^)^) = if and only if = 0, by Lemma 2.35 But 
then the scalar coefficient in front, {q^ + )^/", is always positive. Furthermore, since 
the matrix exponential maps symmetric matrices into positive definite matrices and H is 
fl'o-symmetric (i.e., g^H is symmetric), the exponential term does not destroy the positive- 
definiteness of go. Thus gt is positive-definite at all points of M for all t £ [0,oo), and 
hence is a metric for all t. 

Now, what can go wrong if H^{x) = for some x G M? In this case, rt{x) = for 
all i, and the exponential term is absent in the geodesic equation. If we have tr H{x) > 0, 
then qt[x) > for all t, and so again gt{x) is positive definite for all t £ [0,oo). But 
if tiH(x) < 0, there is some t' for which rf^x) = 0. Therefore, gt'ix) = 0, and the 
geodesic has left the manifold of metrics. The geodesic can, however, be easily identified 
with its limit point in the C°° topology of S, which is a semimetric, or a tensor field 
inducing a positive semidefinite scalar product at each point. However, only special kinds 
of semimetrics can be realized as limit points of geodesies, namely those that are either 
positive definite or zero at each point. But it is also easy to convince oneself that all such 
semimetrics can be realized as limit points of geodesies. Thus we have arrived at our first 
substantial piece of knowledge about the completion of M. Instead of writing it down 
as a proposition, we'll instead wait for more general and rigorous statements to be made 
later. 

A semimetric that is nonzero but not positive definite cannot be realized in this way. 
An extremely simple example is the semimetric on the torus which is given in the standard 
chart by 

1 0^ 





Nevertheless, the question still remains as to whether such semimetrics might also be 
representatives, in some sense that has to be made precise, of points in the completion of 



Ad. Answering this in the positive, in Section 5.3, will be one of our tasks in studying the 
completion and proving the main theorem. 

Another question that presents itself at this point is whether a finite path (or a Cauchy 
sequence, according to the correspondence given in Section |2.1|) in M can "develop in- 



finities" , in the sense that one or more of its coefficients becomes unbounded (in a fixed 



coordinate chart) as we run through its domain of definition. (See Definition 2.58 below. 



Certainly the coefficients of a geodesic always remain bounded on bounded t-intervals. 
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Figure 3. The open cylinder x (0,1). The colored lines represent 
geodesies emanating from the point x, and via an appropriate geodesic we 
can reach any point on x {0, 1}. The red and blue lines have different 
limit points and so are mutually inequivalent. The green line, however, has 
the same limit point as the red one and so is equivalent to it. 



Nevertheless, it will turn out that the metrics of a finite-length path can develop infinities, 
but that the infinities can also be neglected in a certain sense. We will explore this in 
Chapter |4| 

At this point, however, it will be profitable to give the exponential mapping a somewhat 
closer inspection. 

Remark 2.48. We have not yet shown that 7W is a metric space and have already 
remarked that a weak Riemannian manifold does not always have a metric space structure. 



so in a sense Corollary 2.47 could be seen as a bit of a non sequitur. However, in Section 



3.1 we will prove that is a metric space with the distance function coming from (•, 



If we take this for granted, then the corollary makes sense. 

Remark 2.49. It should be noted that even if all geodesies on M could be extended 
indefinitely, it would not imply that M is complete. This is because the Hopf-Rinow 
theorem does not hold for all infinite-dimensional manifolds. It does, in fact, hold for 
strong Riemannian Hilbert manifolds with nonpositive curvature (see [34, §1.11] and |30| 
Cor. IX.3.9]). However, even though ^A has nonpositive curvature, it is a weak Riemannian 
manifold and so this theorem does not apply. 

2.5.6. A closer look at the exponential mapping. In this subsection, we discuss 
the domain and range of the exponential mapping. The goal is to give an idea of why the 
exponential mapping is an insufficient tool for studying the completion of M . 

First, though, let us use a childishly simple example to demonstrate how the expo- 
nential mapping can sometimes be sufficient to describe the completion of a Riemannian 
manifold. Though this example is too simple to be interesting, it illustrates an important 



philosophical point and parallels the method we'll use in Section 5.1 

If we take an open cylinder, say N := x (0, 1), with its standard flat metric 7, then 
the exponential mapping exp^ at any point x G is an isometry from some open set 
U C TxN onto N. Therefore, we can identify the completion of N with U, the completion 
of U with respect to 7(x). Of course, this means that we can view the completion of N as 
equivalence classes of geodesies emanating from x. If we consider N as being embedded 
in the closed cylinder A^' := x [0, 1], then two geodesies are equivalent if and only if 
they have the same limit points as curves on A^'. This situation is depicted in Figure [3} 

There are two essential aspects of the above example that made it so simple to treat. 
First, X (0, 1) is naturally embedded into a larger space, x [0, 1] (or even, if you like, 
M^) that contains its completion. Secondly, the exponential mapping is an isometry. 
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In our situation, studying the completion of A4, we luck out on the first point, as Ai 
can be viewed as sitting inside the vector space of all sections of S'^T*M — though of course 
we expect that this space is much larger than necessary to accommodate the completion 
of M. The second point certainly does not hold in our case — the exponential mapping 
cannot be an isometry due to the fact that A4 has nonvanishing curvature. But things are 
even worse, as it turns out that the exponential mapping of Ai is highly nonsurjective. In 
a sense that we will see below, it is not even locally surjective — so even the fact that the 
completion of a metric space is very much a local concept does not help us here. 

To see this, we can write down the domain and range of the exponential mapping 
explicitly. (This analysis is taken from \20\ §3.3 and Thm. 3.4].) For g G M, define the 
open set 

Ui := \ |a5(x) |-oo<A<-^|c Tg^,)Mx. 
Furthermore, we define an open subbundle c S^T*M by 

(Note that is a fiber bundle, not a vector bundle, so it is a subbundle of S'^T*M when 



viewed as a fiber bundle.) Then it is not hard to see from Theorem 2.43 that the maximal 
domain of definition of exp^ consists of precisely the C°° sections of U^, i.e., those elements 
of S with image lying in U^. Let us denote this by := C°°{U^). 



Again from Theorem 2.43 one can compute what the range of the exponential mapping 



is, i.e., what expg(U^) is. It turns out that this is given by 

:= jffexpi/ I H G C°°(End(M)), ti{{H^f) < ^(4vr)2| C M, 

where "exp" in the above definition denotes the matrix exponential and denotes the 
traceless part of H. 

Of course, the set omits many points of A^. A graphical illustration of this, which 
gives a very good impression of just how remarkably nonsurjective exp^ is, can be found 
in [201 Fig. 1]. 

One thing that goes right in this setting is the following theorem: 

Theorem 2.50. For each g £ M, exp^ is a real analytic diffeomorphism from lA^ to 
A^ . Furthermore, if t^m '■ TM. ^ M. is the projection from the tangent bundle of M. 
onto M. , then {ttm , exp) : TM. x M. is a real analytic diffeomorphism from an open 

neighborhood lA of the zero section to an open neighborhood A of the diagonal. Explicitly, 

U=\]W and A=\] A^. 

geM geM 

These sets are maximal domains of definition for the exponential mapping and its 
inverse. 

This is a powerful theorem, and it certainly does not hold in general for weak Rie- 
mannian manifolds (even if real analyticity is dropped). However, its usefulness to us is 
limited. The reason is that at any point g, the neighborhood does not contain any 
L^-open (i.e., (•, •)g-open) set. Therefore, we run into the problem described at the end of 



Subsection 2.4.5 — we get no information from the exponential mapping about the distance 
between nearby points. Therefore, we will have to revert to more direct methods of proof 
in the coming chapters. 



2.6. CONVENTIONS 



51 



2.6. Conventions 

Before we begin with the main body of the thesis, we will describe any nonstandard 
conventions that will be used throughout the text. 

The first thing we do is fix a reference metric, with respect to which all standard 
concepts will be defined. 

Convention 2.51. For the remainder of the thesis, we fix an element g € Ai. When- 
ever we refer to the U' norm, topology, convergence etc., we mean that induced by g 
unless we explicitly state otherwise. The designation nullset refers to Lebesgue measurable 
subsets of M that have zero measure with respect to Hg. If we say that something holds 
almost everywhere, we mean that it holds off of a //^-nullset. 

If we have a tensor h £ S, we denote by the capital letter H the tensor obtained by 
raising an index with g, i.e., locally Hj := g^^hkj- Given a point x S M and an element 
a £ Mx, the capital letter A means the same — i.e., we assume some coordinates and write 
A = g{x)~^a, though for readability we will generally omit x from the notation. 

Next, we'll fix an atlas of coordinates on M that is convenient to work with. 

Definition 2.52. We call a finite atlas of coordinates {{Ua,<t>a)} for M amenable if 
for each there exist a compact set and a different coordinate chart (Va, ipa) (which 
does not necessarily belong to {(Ua-,(t>a)}) such that 

Ua C Ka C Va and 4>a = ll^a\Ua- 



Convention 2.53. For the remainder of this thesis, we work over a fixed amenable 
coordinate atlas {{Ua-,(l)a)} for all computations and concepts that require local coordi- 
nates. 

The next lemma we'll prove shows one benefit of amenable coordinates: smooth (or 
even continuous) metrics satisfy some kind of upper and lower bounds in these coordinates. 
Intuitively, the lemma says the following: in amenable coordinates, the coordinate repre- 
sentations of a smooth metric are somehow "uniformly positive definite". Additionally, 
the coefficients satisfy a uniform upper bound. 

Lemma 2.54. For any metric g S M, there exist constants 5{g) > and C{g) < oo, 
depending only on g, with the property that for any a, any x G Ua, and 1 < i, j < n, 

(2.39) \~g^j{x)\ < C{g) and A£i,(x) > 6{~g), 

where we of course TTieQjTi the value of Q'ij{oc) in the chart (^Ua->4^a)' 

Proof. The lower bound on the mimmal eigenvalue follows directly from Lemma 

Em 

The upper bound on the coefficients of g follows from the fact that \gij\ is a continuous 
function in any given coordinate chart {Ua,(l>a), and we have assumed that Ua is contained 
in a compact set Ka, which in turn is contained in another chart (Kv, V'a) with = tpa\Ua- 
Therefore, \gij\ is defined on Ka and assumes some maximum there — hence, it assumes 
some maximum Ca on Ua- Since there are only finitely many charts Ua, we can take 
C{g) := maXaCa- □ 

Remark 2.55. The estimate |5j_,(x)| < C{g) also implies an upper bound in terms 
of C{g) on detg{x). This is clear from the fact that the determinant is a homogeneous 
polynomial in gij{x) with n\ terms and coefficients ±1. 

The main point of using an amenable coordinate atlas is the following: it gives us an 
easily understood and uniform — but nevertheless coordinate-dependent — notion of how 
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"large" or "small" a metric is. Namely, we look at how large the absolute values of its 
entries are and how small its smallest eigenvalue is. The dependence of this notion on 
coordinates is perhaps somewhat dissatisfying at first glance, but it should be seen as 
merely an aid in our quest to prove statements that are, indeed, invariant in nature. 

It is necessary to introduce somewhat more general objects than Riemannian metrics 
in this thesis: 

Definition 2.56. Let ^ be a section of S'^T*M. Then g is called a (Riemannian) 
semimetric if it induces a positive semidefinite scalar product on TxM for each x € M. 

To make the above idea of uniformly largeness or positive definiteness more precise for 
the case of a nonsmooth (semi)metric, we define two notions. The first is again some kind 
of "uniform positive definiteness" , and the second is a kind of uniform upper bound. 

Definition 2.57. Let ^ be a semimetric on M (which we do not assume to be even 
measurable). Then g is called inflated if there exists a constant 5 > ^ such that 

det G{x) > 6 

for a.e. x £ M. Otherwise g is called deflated. 
We define the set 

Xg := {x £ M \ g{x) is not positive definite} C M, 

which we call the deflated set of g. 

We call g bounded if there exists a constant C such that 

\9ij{x)\ < C 

for a.e. x € M and all 1 < i, j < n. Otherwise g is called unbounded. 

Since the study of the completion of M boils down to the study of Cauchy sequences 
in A4, it will turn out to be useful to define notions related to the above for a sequence of 
elements of M . 

Definition 2.58. Let {5^} C Ai he any sequence. We define the sets 
X^g^y := {x e M I V5 > 0, 3k eN s.t. det Gfc(x) < 6}, 

S^g^y := {x G M I VC > 0, 3k £n and i,j G {l,...,n} s.t. \{gk)ij{x)\ > C}. 

We call X^g^y the deflated set and S^g^,y the unbounded set of {gk}- 

We say the sequence {gk} deflates at x if x G ^{g^.}- We say it becomes unbounded at 
xiixe S{g^y 

The sequence {gk} is called inflated if X^g^y is a nuUset, and deflated otherwise. It is 
called -bounded if S^g^,y is a nuUset, and -unbounded otherwise. 

The last definition we need in this vein distinguishes elements of smooth metrics from 
(possibly nonsmooth) semimetrics. 

Definition 2.59. A semimetric g is called degenerate if ^ M, and nondegenerate if 
~g£M. 



Note that by Remark 2.16, any measurable semimetric ^ on M induces a nonnegative 
measure on M that is absolutely continuous with respect to the fixed volume form ^.g. 

A measurable Riemannian metric ^ on M gives rise to an "L^ scalar product" on 
measurable functions in the following way. For any two functions p and a on M, we define 

(2.40) {P:'y)g= / Pf^Ms- 

JM 

(We denote this by the same symbol as the scalar product on 5; which is meant will 
always be clear from the context.) We put "L^ scalar product" in quotation marks because 
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unless we put specific conditions on /o, o", and g, (2.40) is not guaranteed to be finite. It 
suffices, for example, to demand that p and a are continuous and that the total volume 
Vol(M, g) = Jj^j fig of g is finite. As in the case of the scalar product on S, if go and 
gi are both continuous metrics, then {■,-)go and {■,-)gi are equivalent scalar products on 
C°°(M). Therefore they induce the same topology, which we call the topology. 

Now, let ^ be a measurable semimetric — we want to introduce a scalar product on 
functions induced from g as well. As a semimetric, g induces a nonnegative n-form in the 
same way that a metric induces a volume form. Locally, this is given by 

IJ:g := Y^det^ dx^ ■ ■ ■ dx^ . 

At points X where g{x) is not positive definite, we have det g{x) = by Proposition 



2.9 Therefore fig{x) = as well, so pg is a volume form if and only if ^ is a metric. 



Nevertheless, since it is measurable and nonnegative, fig induces a Lebesgue measure on 



M, and so we can define a positive semidefinite "L^ scalar product" on functions via (2.40 1 . 
(It is only positive semidefinite since if a function p has the property that supp p H M \ Xg 
has measure zero, then {p,p)g = 0.) Again, if we want this to be a true (finite) scalar 
product, we should, e.g., restrict to continuous functions and finite- volume g (those for 
which fig < oo). 

We define one more piece of notation before we close this section. 

Definition 2.60. By ^A j, we denote the space of measurable semimetrics on M with 
finite volume, that is, semimetrics g for which 

Pg < OO. 

M 



CHAPTER 3 



First metric properties of Ai 



In this chapter, we study the most easily accessible properties of 7W as a metric 
space, which will form the basis for our continuing investigations in later chapters. Our 
first task, to be completed in Section |3.1[ is to show that {M,d) has the structure of a 
metric space. As we demonstrated in Subsection 2.4.2, this is not automatic for weak 
Riemannian manifolds like {A4, {■,■))- 
to be a pseudometric. 



-the induced distance function is only guaranteed 
Proving that d is a metric will be done by finding a manifestly 
positive-definite metric (in the sense of metric spaces) on Ai that in some way bounds the 
d-distance between two points from below, implying that it is positive. 

With this fact proved, we can move on to studying the completion of Ai, with the 
reassurance that the answer will be interesting. (It's of course of little interest to study 
the completion of a space in which all points have zero distance from one another, as 
in Subsection 2.4.2 ) The strategy for obtaining the completion will be to study the 
completions first of simple subspaces and then of successively more complex subspaces of 
Ai, until we have enough information to describe the completion of the full space. 

To begin this program, in Section 3.2 we obtain the completion of any so-called 
amenable subset. Recall that in Definition 2.57 we have defined two separate "good" 
properties of nonsmooth metrics. The first is being bounded, heuristically not becoming 
too large at any points. The second is inflation, heuristically not becoming too small. 



Lemma 2.54 shows that smooth metrics are both inflated and bounded, but the constants 



of Lemma 2.54| depend on the metric in question. An amenable subset is one for which 
these constants can be chosen uniformly across the entire subset. These subsets have the 
nice property that the metric d is equivalent to the metric induced from the norm 
II • \\g, in the sense that their Cauchy sequences are the same. This allows us to identify 
the completion of an amenable subset with the completion of that subset. This is the 
first step in the strategy of bootstrapping our way to a description of the completion. 



3.1. Ai is a metric space 



As we have already remarked in Propositions 2.45 and 2.46 the exponential mappings 
of and A^* are at each point diffeomorphims between an open neighborhood in the 
tangent space and the manifold itself. Therefore, they both satisfy the hypotheses of 



Theorem 2.31, and we immediately get the following two results. 



Theorem 3.1. Let g e Ai. Then {V ■ g, (• 
the restriction of the metric on Ai to V ■ g. 



•)) is a metric space, where (•, •) denotes 



Theorem 3.2. Let /i be any smooth volume form on M . Then {Ai^, (•, •)) is a metric 
space, where (•,•) denotes the restriction of the L^ metric on Ai to Aifj,. 



As we remarked at the end of Subsection 2.5.6, we cannot infer any lower bounds on 



the distance between two points of Ai from the exponential mapping, so we will have 
to directly find these bounds. To do this, we will first show Lipschitz continuity of the 
function mapping a metric to the square root of its volume. This simple lemma will have 
far-reaching implications for our study. The first use of this lemma on the volume function 
is to aid us in obtaining the lower bound on the d-distance between two points that was 
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described in the introduction. This is, of course, after we introduce an appropriate metric 
to bound d. 

3.1.1. Lipschitz continuity of the square root of the volume. As just men- 
tioned, we wish to show Lipschitz continuity of the square root of the volume on 7W. In 
fact, the following lemma shows that for any measurable Y C M, the function defined by 

is Lipschitz with respect to d. Using this as a first step to proving that d is a metric takes 
its inspiration from |36| §3.3]. 

Lemma 3.3. Let go,gi G M. Then for any measurable subset Y C M, 

\/Voi(y,ffi) - x/voi(y,5o) ' 



< ^d{go,gi). 



Proof. Let gt, t G [0, 1], be any path from go to gi, and define ht := g[. We compute 

1 



dt\ol{Y, gt) = dt / figt= OtHg,= 

Jy Jy Jy 



(3.1) 



< 



Y 



Y 

1/2 

4 



1/2 



1/2 



where the first line follows from Lemma 2.38 the second line follows from Holder's in- 
equality, and the last line from the nonnegativity of iig^{ht)^. Now, let A and B be any 
n X n matrices, and denote their traceless parts by and B^, respectively. We then 
have the formula 



(3.2) 



1 



n 



ti{AB) = tr ( ( A' + - ti{A)I ] [B^ + - ti{B)I 



1 



n 



1 



tr {A^B^) + -tr{A) ti{B) 



n 



The second line follows from the fact that traceless and pure trace matrices are orthogonal 
in the scalar product defined by tr(^i?) (cf. (2.37) — the computation is still valid if the 
matrices in question are not symmetric). We have also used tr / = n. 
Using (3.2) with the ^t-trace and A = B = ht, we see that 



1 



tr^,(/i2) =trg, {(hf)^) + ti g,{htf, 



n 



implying 

since tr^, {{hf)^) > 0. Applying this to (jsll) gives 



^T^gtih 



n 



tlg,{h^t)-tTg,{{hJf)) <ntrg,{h^,) 



(3.3) 



dtYol{Y,gt) < ^^/Yol{Y,gt) {n j ^i,g,{h^t) l^g, 



1/2 



< 



^Yo\{Y,gt)\\h 



tWgt- 



We next compute 



(3.4) 



VVol(y,5i)- VVol(F,5o)= C dt^/Yo\{Y,gt)dt= f \^^^==dt 

Jo Jo ^y/Yol{Y,gt) 



< 



n , 



ht\\g, dt 



L{gt), 
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where the inequahty follows from (3.3). Since this holds for all paths from go to gi, 
and we can repeat the computation with go and gi interchanged, it implies the result 
immediately. □ 



We note that Lemma 3.3 gives a positive lower bound on the distance between two 
metrics in that have different total volumes — so we must now deal with the case where 
the two metrics have the same total volume. 



3.1.2. A (positive definite) metric on M. Our strategy for proving that is a 
metric space is to find a different metric (in the sense of metric spaces) on M, the positive 
definiteness of which is apparent and which bounds d from below in some way. We do this 
in several steps. The first is to define a function on M x M and show that it is indeed a 
metric. 



Definition 3.4. Consider Mx = {g ^ Sx \ g > 0} (cf. (2.25)). Define a Riemannian 
metric (•, on Aix given by 

{h, kfg = tTgihk) det g{x)~^g V/i, k G TgMx = Sx- 

(Recall that g £ M is our fixed reference element.) We denote by Ox the Riemannian 
distance function of (•, •)'^. 

Note that 9x is automatically positive definite, since it is the distance function of a 
Riemannian metric on a finite-dimensional manifold. By integrating it in x, we can pass 
from a metric on to a function on x as follows: 

Definition 3.5. For any measurable Y C M, define a function Qy : Ai x M ^M.hy 

0y (50,51) = j^Ol{gQ{x),gi{x)) ixg{x). 

We have omitted the metric g from the notation for Oy. The next lemma justifies this 
choice. 

Lemma 3.6. Oy does not depend on the choice of g £ M in the above definition. That 
is, if we choose any other g G Ai and define (•, and Ox with respect to this new reference 
metric, then 

J^03{go{x),gi{x)) Hg{x) = J^93{go{x), gi{x)) Hg{x) 

Proof. Let ^ G be any other metric. Recall that Ox was the distance function 
associated to the Riemannian metric (•, on Aixi and the metric g enters in the definition 
of this Riemannian metric. Take a path gt{x) in A4x- For now, let's put g and g back 
in the notation, so that we can write formulas unambiguously. For example, if we use g 
to define (•, ■)^, we write Lg{gt{x)) for the length of gt{x) w.r.t. (•, ■)^; if we use g in the 
definition, we write Lg{gt{x)) for the length; and similarly for other notation. 
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Using the definitions of Qy ^x, wliere infima are always taken over patlis gt{3 
from go{x) to 51(2;), and where ht{x) := gtix)' , we can compute: 



0y(9o,5'i) = l^^^{9o{x),gi{x)) fig{x) 

inf Lg{gt{x))) fig{x) 
1 




{gt{xy,gt{xy)l^^^dt\ fig{x) 



trg,(x)(/it(a:)2; 


det gt{x) 
det g{x) 




det gt{x) 
det g{x) 



tr,^(,)(/ii(x)2)^|Myd^^^dtj dx^---dx'^ 



where the last line follows from running the first lines of the computation through in 
reverse. □ 

Lemma 3.7. Let any Y M be given. Then Qy is a pseudometric on Ai, and @m is 
a metric (in the sense of metric spaces). 

Furthermore, ifYi C Y2, then <dY^{go,gi) < ©ya (50,51) for all 50,51 G M. 

Proof. Nonnegativity, vanishing distance for equal elements, symmetry and the tri- 
angle inequality are clear from the corresponding properties for 9x- 

That Qm is positive definite is also not hard to prove. Since 6x is a metric on Mx, 
6x{go{x), gi{x)) > whenever go{x) / gi{x). But since 50 and gi are smooth metrics, if 
they differ at a point, they differ over an open neighborhood of that point. Hence the 
integral of 6x{goix), gi{x)) must be positive. 

The second statement follows immediately from nonnegativity oi 9%. □ 

3.1.3. Proof of the main result. We have set up everything we need to prove the 
main result of this section — that d is a metric. To do this, we use Lemma 3.3 in order 
to control the volume of the metrics making up a path in terms of the length of that 
path, combined with a Holder's inequality argument, and show that the pseudometrics 
Oy provide a lower bound for the distance between elements of M as measured by d. 

Proposition 3.8. For any y C Af and 50,51 £ we have the following inequality: 
0r(5o,5i) < d{go,gi) (ynd{go,gi) + 2 v^Vol(M, c/q) 
In particular, Qy is a continuous pseudometric (w.r.t. d). 



Proof. By Lemma 3.7, we need only prove the inequality for Y = M, and then it 
follows for any subset. 

We can clearly find a path gt from go to gi with L{gt) < 2d{gQ,gi). Then for any 
r e [0, 1], we get 



2d{go,gi) > L{gt) > L ((7^1 [q,.]) > 45o,5r) > VVol(M, 5^ " \/Vol(M, 50 

y n 
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where the last inequahty is Lemma |3.3[ In particular, we get 



(3.5) 



VVol(M,50 < ^Vol(M,<7o) + ^d{go, gi) 



V 



for all r G [0, 1]. 

To find the length of gt, we first integrate {g't,g't) over x S M, then take the square 
root, and finally integrate over t. Ideally, we would wish to change the order of integration, 
so that we first integrate over t, then over x. We cannot do this exactly, but we can bound 
the computation of the length from below by an expression where we integrate in the 
opposite order, and this expression will involve Ox and @m- So let's see how this works. 

Let ht := g'f. From Holder's inequality. 



which gives 
(3.6) 



\ht\ 



M 



gt 



ii g,{hl)dii^ 



at 



< 



M 



gt 



1/2 



M 



1/2 



> 



V 



M 



M 



gt 



1/2 



> 



VVol(M,<7i) 



M 



\f^^gJ^d^ig, 



where we have also used (3.5). To remove the t-dependence from the volume element, we 
use 

\/det gt I 



Vdet g ' 



We then rewrite (3.6) as 
(3.7) 



\h 



tWgt 



> 



1 



V 



M 



tTg^{hf)det Gt Hg 



1 

V 



M 



^{ht{x),ht{x))^g^^^.^ fig{x), 



where we have used the Riemannian metric (•, on A4x (cf. Definition 3.4). 

Since we have removed the t-dependence from the measure above, we can change the 
order of integration in the calculation of the length of gt: 



Hat) 



(3.8) 



1 

V 



htWgt dt > 
•1 



Jm 



{ht{x),htix))^ 



gt{x) 



fj.g{x) dt 



M JO 



^{ht{x),ht{x))^^^^^.^dtfig{x). 



Now we concentrate on the i-integral in the expression above. Since gt{x) is a path in Ai^ 
from go{x) to gi{x) with tangents ht{x), the t-integral is actually the length of gt{x) with 
respect to (•, ■)^. But by definition, this length is bounded from below by 9^{go{x), gi{x)). 
Therefore, we can rewrite (|3.8|) as 



Ligt) > 



1 



M 



9xi9oix),gi{x)) fj,g{x) = — eA/(5o,5i 



But now the result is immediate given (3.5) and the fact that we have assumed L{gt) < 
2d{go,gi). □ 

The previous proposition allows us to achieve our goal for this section. Since 0a/ is 
a (positive-definite) metric by Lemma 3.7, Qm{90t9i) > for any gQ ^ gi. From this. 
Proposition 3.8 immediately implies that d{gQ,gi) > as well. Since we have already men- 
tioned that the distance function induced by a weak Riemannian manifold is automatically 
a pseudometric, we have proved: 

Theorem 3.9. {Ai,d), where d is the distance function induced from the L? metric 
(•,•), is a metric space. 
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3.2. The completion of an amenable subset 

Now that we know that is a metric space, we begin the study of its completion in 
this section. According to the plan of attack laid out at the beginning of the chapter, we 
will work on completing more and more general subsets of M . This section is concerned 
with so-called amenable subsets, defined below, consisting of metrics that are somehow 
uniformly bounded and inflated. The main result of the section is that the completion of 
such a subset with respect to d coincides with the completion with respect to the norm 
on S, the vector space in which M resides. 

Note the difference to the case of a strong Riemannian manifold, where Theorem 



2.19 guarantees that the topology induced by the Riemannian metric agrees with the 
manifold topology. Here, the weaker topology of the tangent spaces TgAi with the weak 
Riemannian metric (•,•) is reflected in the weaker topology induced by the Riemannian 
distance function d on an amenable subset. 

3.2.1. Amenable subsets and their properties. Let's make the above-mentioned 
notion of being uniformly bounded and inflated precise. Recall that we work over an 



amenable atlas (cf. Definition 2.52). 



Definition 3.10. We call a subset U C A4 amenable \ilA is convex and we can find 
constants C, (5 > such that for all g £U, x £ M and 1 < i, j < n, 

A£in(^) > S 

(where we recall that G = g^^g, with g our fixed metric) and 

\9ij{x)\ < C. 

Remark 3.11. We make a few remarks about the definition: 



(1) Recall from Definition 2.57 that a semimetric g is infiated if detG is bounded 
away from zero. Above, we have instead used the condition Aj^^^ > 6, but this 
does indeed imply that the metrics of an amenable subset are uniformly infiated. 

This is because det G > (^a£;^^ , the determinant being the product of the 
eigenvalues. 

(2) We could also have defined an amenable subset using the topology on Ml C S. 
Namely, let cl(^) C 5 be the closure of U in the topology of S, and let dAi 
be the boundary of M in this topology. {dM consists of semimetrics that fail to 
be positive definite and so have determinant at at least one point.) Then U is 
amenable if and only if is bounded in the norm on S and cl{U) H dAi = 0. 

(3) The requirement that U is convex is technical, and is there to insure that we can 
consider simple, straight-line paths between points of U to estimate the distance 
between them. 

(4) Recall that the function sending a matrix to its minimal eigenvalue is concave 



by Lemma 2.10 Also, the absolute value function on M is convex by the triangle 
inequality. Therefore, the two bounds given in Definition 3.10| are compatible 
with the requirement of convexity. 

One useful property the metrics g of an amenable subset have is that the Radon- 
Nikodym derivatives {fig/ fig), with respect to the reference volume form ^g, are bounded 
away from zero and infinity independently of g. 

Lemma 3.12. LetlA he an amenable subset. Then there exists a constant K > such 
that for all g gU, 

1 / u?,' 
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Proof. First, we note that 



^^]=detG and f ^ V = f = (det 



So the bounds (3.9) are equivalent to upper bounds on both det G and (det G) ^. 
Now, if the eigenvalues of G are Xf, . . . , A^, then 

detG = Af •••Af > (A£i,)">5^ 

where 6 is the constant guaranteed by the fact that g £ U. This allows us to bound 
(detG)~^ from above. 

To bound det G from above, it is sufficient to bound the absolute value of the coeffi- 
cients of G = g^^g from above. But bounds on the coefficients of g are already assured 
by the fact that g and bounds on the coefficients of g~^ are guaranteed by the fact 
that g~^ is a fixed, smooth cometric on M. So we are finished. □ 

Amenable subsets guarantee good behavior of the norms on S that are defined by their 
members — namely, the norms are in some sense "uniformly equivalent". More precisely, 
we have: 

Lemma 3.13. LetU d M. he an amenable subset. Then there exists a constant K such 
that for all pairs go,gi £ lA and all h £ S, 

1 



^,,.-,191 < \\h\\go <K\\h\\g,. 

Proof. Instead of showing that the norms of any two metrics go,gi S ^ are equivalent, 
we will show that the norm of any g £lA \s equivalent to that of our reference metric g, 
i.e., there exists a constant K independent of g such that 

(3.10) ]^\\h\\g<\\h\\g<K\\h\\g 

for all h £ S. 

This is equivalent to the following statement. Let 



Tg : {S^T*M, (•, ■)g) {S^T*M, {■ 



19) 

^2- 



be the identity mapping on the level of sets, sending the bundle S T*M with the Rie- 
mannian structure (•, ■)g to itself with the Riemannian structure (•, ■)g. Let N(Tg)(x) be 
the operator norm of Tg{x) : Sx Sx, and let N{T^^){x) be defined similarly. Then 



Hg = / {mx)h{x),Tg{x)h{x))g(^x)l^gix) 



M 



< 



iN{Tg){x))'{h{x),h{x))g^x)(^){^)l^g{^ 
M yfJ-gJ 



and similarly. 



{N{T7^){x)f{h{x),h{x))g^x)(^)l^g{x). 



So (3.10) holds if and only if there are constants Kq and Ki such that 

N{Tg){x)\ N{T-'){x)^ < Ko and {fig/ fig), {fig/ fig) < Ki. 

This last statement is the one we'll prove. The existence of the constant Ki is guar- 
anteed by Lemma 3.12 So we need to show the existence of the constant Kq. 

To do this, first note that N{Tg) and N{T^^) are continuous functions on M for fixed 
g. This follows immediately from the fact that g and g are smooth. (Of course, it would 
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even suffice for them to be continuous.) Secondly, we notice that N{Tg){x) and N{T^^){x) 
depend only on the coordinate representations of g{x) and g{x). 

Let SPn denote the set of all positive definite scalar products on M", which we can 
identify with the set of all positive definite n x n symmetric matrices. Let's define a 
function 

N: SPnX SPn M 
by setting N{a, b) to be equal to the operator norm of 

id : (M",a) ^ (M",6). 
That is, N{a, b) is the smallest number such that 

b{v, v) < N{a, b) ■ a{v, v) 

for ah u G M". 

It is not hard to see that is continuous in both of its arguments, with the topology on 
SPn coming from its identification with the space of positive definite symmetric matrices. 
Furthermore, by the arguments above, we have 

(3.11) N{Tg){x)=N{~g{x),g{x)) and N{T--'){x) = N{g{x),g{x)), 

where we of course define in these cases using the coordinate representations of g{x) and 
g{x) in some chart around x. (The value of won't depend on the chart.) Furthermore, 
by the bounds satisfied by metrics in an amenable subset and the continuity of g, the set 

A := {g{x) I X G M} U {g{x) \ x £ M, g £U} 

is relatively compact when viewed as a subset of the space of positive definite symmetric 
matrices. Therefore N\axA is bounded. But then (3.11 ) immediately implies the existence 
of the constant Kq. □ 



Lemma 3.12 immediately implies that the function g Vo1(M, ^) is bounded when 



restricted to any amenable subset. Recalling the form of the estimate in Proposition 3.8 
then shows the following lemma. 

Lemma 3.14. Letli be an amenable subset and g € M. Then there exists a constant 
V such that for any go,gi and Y C M, 

0y(5o,5i) < 2d(5o,5i) (^^^d{go,gi) + Vv 

More precisely, V = sup^g^ Vol(M, ^), which is finite by the discussion preceding the 
lemma. 

3.2.2. The completion of U with respect to d and || • \\g. We are now ready to 
prove a result that, in particular, implies equivalence of the topologies defined by d and 
II • \\g on an amenable subset U. 

Theorem 3.15. Consider the topology on Ai induced from the scalar product (•, ■)g 
(where g is fixed). LetU <Z M be any amenable subset. 

Then the Lp' topology on lA coincides with the topology induced from the restriction of 
the Riemannian distance function d of Ai to U. 

Additionally, the following holds: 

(1) There exists a constant K such that 

d{go,gi) < K\\gi - goWg, 

for all go,gi G U. 

(2) For any e > 0, there exists 6 > such that if d{go,gi) < 5, then \\go — gi\\g < e. 
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Proof. First, we show there is a constant K such that 

d{go,gi) < K\\gi - goWg 

for all go,gi £U. Consider the path 

9t-=9o + th, h := gi - go, t £ [0,1], 

which runs from go to gi. Note that we can clearly find an amenable subset W containing 
U and g. We then have 

(3.12) L{gt)= [ \\{gtyUdt= [ \\h\\g,dt< [ K\\h\\gdt = K\\gi-go\\g 

Jo Jo Jo 



where K is the constant associated to W guaranteed by Lemma 3.13 Since d(go,gi) < 
L{gt) and the constant K depends only on the set lA, this inequality is shown. 

We now turn to proving statement (2). Let e > therefore be given. Our plan is to 
use the Riemannian metric (•, ■)^ and its distance function 9% to get pointwise bounds on 
\\9i — 9o\\g based on d{go,gi). We then use the bounds guaranteed by the fact that we 
work over an amenable subset in order to show that our pointwise estimates are uniform. 
Finally, we use a variant of a thick-thin decomposition of M, where tTg{{gi — ffo)^) is small 
on the "thin" part and the "thick" part has volume bounded in terms of d{gQ,gi). 

Since A^^ is a finite-dimensional Riemannian manifold, the topology induced from Ox 
is the same as the manifold topology, which in turn is given by any norm on Sx- For 
instance this norm is given by the scalar product (•, •)g{x) oii Sx, which we recall is given 

by 

(3.13) {h,k)gi^x)='^^g{x){hk) 

for h,k £ Sx- That these two topologies are the same implies, in particular, that for all 
> and g G Mx, we can find k > such that 

where 

i?<-'->''(^)(^) := 1^ G Mx I ^{9-9,9-g)g(.) < ^} , 

BfiC) ■.= {9eMx\eSx{9,~9)<C}. 
Now, for X £ M and g £ M, we define a function r]x,giC) by 

rjxrgiO := inf G M | Bg^iC) C <^'(k)} 



inf 



|k G M I ^J {g -g{x),g -~g{x))g(^x) < g with d3.{g,g{x)) < c| • 



Then, because of the smooth dependence of (•, and (•, on x, tJx ^g{C) is continuous 
separately in x and g. If we define 

Ux := {g{x) \g£U}, 

then Ux is a relatively compact subset of Mx, since U is amenable. Since M is also 
compact, for any fixed C > 0, we can define a function 

viC) ■= sup r]x,g{C) < CO- 
g&A 

It follows from the definition that 'q{Q) for — > 0. 
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Because of the relative compactness of Ux for each x S M, together with compactness 
of M, there exists a constant Co such that 6x{go{x), gi{x)) < Cq for all go,gi £ and 
X G M. This implies immediately that 

e>M{go,gi) = [ 0g(5o(x),5i(x))^g(x) < CoYol{M,g). 
Jm 

Now, choose C > small enough that 

V2Vol(M,5) 



By Lemma 3.14 there exists a constant V such that 



(3.14) QMigo, gi) < 2d{go,gi) { ^%o, 5i) + ^ 



for ah go,gi G 

Choose 6 small enough that 



2r?(Co)2- 

We claim that (i((7o, gi) < ^ implies that H^ii — go||g < £• Note that the choices of C and Co 
were made independently of go and gi, hence 6 is independent of go and gi, as required. 
We define two closed subsets of M by 

M+:={xEM|0f,(5o(x),5i(x))>C}, 
M_:={xGM|eg(5o(x),5i(x))<C}. 



From (3.14) and our choice of S, we have that 



(3.15) / 9^{go{x),gi{x)) fj,g{x) = QMigo, gi) 

Jm 



< 



2r?(Co^2- 



'0) 

This inequality also holds if we integrate over M+ instead of all of M, so 



CVol(M+,5) = C / f^g< ei{go{x),gi{x))^,g{x) < ^ ,^ . 

Jm+ JM+ ^Vi'-^O) 



implying 



Vol(M+,5o) < 



e2 



277(Co)2- 

From the definitions of M_ and r], we have that 

\J{gi{x) -go{x),gi{x) -go{x))g{^x) < viC) 
on M_. From 9x{goix), gi{x)) < Co, we have that 

\J{9i{x) - go{x),gi{x) - go{x))g^x) < r]{Co) 
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on all of M, and in particular on M_|_. Using this, we compute 

\\9i-go\\l = / {gi{x) - go{x),gi{x) - go{x))g(^^) Hg{x) 
Jm 

iaiix) - go{x),gi{x) - go{x))g(^^) fig{x) 

M- 



+ / (giix) - go{x),gi{x) - go{x))g^^) ^ig{x) 



M4. 



JM- J M+ 



<r,{Cf\o\{M,g)+r^{Cof ' 



2 



2r?(Co) 



2 



e2 £2 



,2 



This proves the second statement. □ 
Let's now equip ^A with the topology for some fixed s > n/2. From Remark 



3.11[ 2), we immediately get continuity (but not Lipschitz continuity) of the Riemannian 



distance function on all of Ai, not just amenable subsets. 

Corollary 3.16. The Riemannian distance function d of (•, •) is continuous in the 
topology on M for all fixed s > n/2. 

Proof. Suppose we have g £ M. and a sequence gn —^H" g- Since s > n/2, the 
Sobolev Embedding Theorem implies that gn -^c° 9- particular, from Remark 3.11[ 2) 
we see that the set {g'ri | n G N} U {g} is contained in some amenable subset U £ M.. 
Therefore, Theorem 3.15 gives d{gn,g) — > 0, showing continuity. □ 



By Definition 2.4 of a Frechet space. Corollary 3.16 then immediately implies: 

Corollary 3.17. The Riemannian distance function d of (•, •) is continuous in the 
C°° (manifold) topology on M. 

Theorem |3. 15 will give us our first result regarding the completion of A4. First, though, 
we need to make some definitions and prove a statement about metric spaces. 

Definition 3.18. We define 

5° := H°{S^T*M) 

:= {c/O G 5° I > for almost all x £ M} . 

That is, consists of all (i-e., L'^) symmetric (0,2)-tensor fields. Ai^ consists of the 
elements of that induce a positive-definite scalar product on almost every tangent space 
of M. Thus, and Ai^ are the completions of S and A^, respectively, with respect to 
the fixed norm || • \\g. (At the moment, this has nothing to do with the completion of M 
with respect to d.) 

If W C is any subset, we define 

U':= !^g'eM'\3g'n^U, nGN:<7°^5°}, 

that is, is the L^-completion of U. 

Remark 3.19. A couple of remarks on the definition. 
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(1) Note that Ai^ is not open in the topology on S. In fact, even more is true: 
the interior of A^'^ is empty with respect to the topology. (We will prove this 

This fundamental point implies that we cannot place 



explicitly in Lemma 5.19 



a manifold structure on Ai^ (or U^), at least not one with the natural model 
space S^. Therefore, in light of Theorem 3.21 below, we will not be able to give 



a manifold structure to the completion of an amenable subset. That A4 is not 
open is also related to the fact that the exponential mapping of Ai is not defined 
on any L^-open subset in any tangent space. 
(2) Elements of satisfy the same bounds as elements of U at almost all x G M. 



Let's look back at Theorem 3.15 again. The first statement says that for any amenable 



subset U and any g G At, d is Lipschitz continuous with respect to || • ||g when viewed as a 
function onU xU. The second statement says that || • ||g is uniformly continuous onU xU 
with respect to d. To put this knowledge to good use, we will need the following lemma: 

Lemma 3.20. Let X be a set, and let two metrics, di and d2, be defined on X. Denote 

by (j) '■ {X^di) (X, (^2) the map which is the identity on the level of sets, i.e., (p simply 

— 1 — 2 

X. Finally, denote by X and X the completions of X with respect to di and 



maps X 

d2, respectively 

If both (p and 
between X 



and X^ . 



are uniformly continuous, then there is a natural homeomorphism 



Proof. Recall the definition of the completion X* of the metric space {X, di 



= 1,2, 

from Section 2.1 It is formed of the equivalence classes of Cauchy sequences with 
metric (again denoted by di) given by 

di{{Xn} , {Vn}) = lim di{Xn,yn). 

Since a uniformly continuous function maps Cauchy sequences to Cauchy sequences, 

our assumptions on (p and (/)~^ imply that di and ^2 have the same Cauchy sequences. 

Thus, we only need to prove that the equivalence classes of these Cauchy sequences are 

— 1 — 2 
the same in X and X , that is, 

(3.16) lim(ii({x„},{y„}) = <S=^ lim (i2({x„}, {y„}) = 0. 

But this is immediate from the uniform continuity of (p and (p~^. 

The natural homeomorphism is of course give n by the unique uniformly continuous 
extension of (p to X^ (cf. statement ([s]) of Theorem 2.1). □ 

We are now ready to state 

Theorem 3.21. LetU be an amenable subset. Then we can identify U, the completion 
of U with respect to d, with lA^ , in the sense of Lemma 3.20. We can make the natural 
homeomorphism lA — > lA^ into an isometry by placing a metric on lA^ defined by 

d{go,gi) = lim d{gl,gl), 

k^oo 

where {5^} and {g\\ are any sequences inlA that L'^-converge to go and gi, respectively. 



Proof. Denote by d the metric induced from 
spaces, i.e., d{gi,g2) 



151-521 



g- 



As in Lemma 



3.20 



■ llg on in the usual way for Hilbert 
let (p : ilA , d) ^ ilA d) he the identity 
on the level of sets. Then Theorem |3. 15| clearly implies t hat bo th (p and (p~^ are uniformly 

gives the result. 



continuous {cp ^ is even a Lipschitz map). Thus Lemma 



3.20 



□ 



We have thus found a nice description of the completion of very special subsets of Ai . 
As already discussed, our plan now is to start removing the nice properties that allowed 
us to understand amenable subsets so clearly, advancing through the completions of ever 
larger and more generally defined subsets of Ai . 
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To do this, however, we need to clear up our viewpoint and some technicaUties. The 
issue is the following: it happens that one can find examples of Cauchy sequences in 
Ai (i.e., points of the precompletion) that do not L^-converge to any point of S^. (The 
skeptical reader can jump ahead to Section 5A_ for a proof of this fact, at least for the 
case when dimM = 1, 2 or 3.) Nevertheless, we would like to somehow be able to 
unambiguously identify points of with sections of S'^T* M. Here, "unambiguous" means 
that each Cauchy sequence is identified with a unique section, and all equivalent Cauchy 
sequences are identified with the same section. If we could do this, we would have a 
bijection between M. and some subset of the sections of S'^T* M. Without a uniform, 
unambiguous notion of the "limit point" of a Cauchy sequence in A^, such an identification 
is not well-defined. 

Thus, we will delay further study of the completion of M and its subsets until we see 
in exactly what way we can identify Cauchy sequences with sections of S^T*M. The goal 
of the next chapter is to resolve this with an appropriate convergence notion for sequences 
in A4. Then, in Chapter [HJ we determine precisely what sections of S'^T*M actually do 
represent Cauchy sequences in A^, thus describing the bijection mentioned above. 



CHAPTER 4 



Cauchy sequences and cj-convergence 



In this chapter, we introduce and study a fundamental notion of convergence of our own 
invention for d-Cauchy sequences in A4. We cah this co-convergence, and its importance 
is made clear through two theorems we will prove, an existence and a uniqueness result. 



The existence result, proved in Section 4.1 says that every d-Cauchy sequence has a 



subsequence that w-converges to a measurable semimetric, which we will then show has 
finite total volume. The uniqueness result, proved in Section [4. 3[ is that two w-convergent 



Cauchy sequences in Ai are equivalent (in the sense of (2.1)) if and only if they have the 
same limit. These results allow us to identify an equivalence class of d-Cauchy sequences 
with the unique w-limit that its representatives subconverge to, and thus give a meaning 
to points of Ai. 

We might hope that our convergence notion for Cauchy sequences could at least imply 
pointwise convergence of the metrics of the sequence to some limit tensor field. However, 
we will have to back off of this hope somewhat, as it will turn out that one cannot demand 
that a d-Cauchy sequence converge in any pointwise sense at points where the metrics in the 
sequence deflate (cf . Definition |2.58| ) . This is a consequence of the somewhat surprising 
result that one can bound d{go,gi), for any go,gi G Ai, based only on the "intrinsic 
volumes" of the set on which go and gi differ. Intrinsic means here that this volume is 
measured with respect to go and gi. In particular, the bound does not depend on how 
much go and gi differ as tensors, say in a fixed coordinate system. Hence two sequences of 
metrics can be d-close and yet have very different pointwise limits (or no pointwise limits 
at all), provided the only differ on small- volume subsets. This will be made more precise 
in Section [4. 1[ where we define cj- convergence. 

We can demand that w-convergence imply pointwise convergence off of the deflated 
set. We can then use this to show that the volume forms fig^. of a Cauchy sequence {gk} 
converge pointwise almost everywhere. This will allow us to prove, in Section |4.2[ that 
the volume of a subset of M is continuous with respect to the topology of convergence. 



4.1. Existence of the tj-limit 

We begin this section with an important estimate and some examples, followed by the 
definition of cj-convergence and some of its basic properties. After that, we start on the 
existence proof by showing a pointwise version, i.e., an analogous result on Aix- Finally, 
we globalize this pointwise result to show the existence of an w-convergent subsequence 
for any Cauchy sequence in Ai. 

4.1.1. Volume-based estimates on d and examples. We have mentioned that 
w-convergence implies pointwise convergence only off the deflated set of a sequence of 
metrics. We also stated that this is forced upon us by a bound on the distance between 
two metrics that is based on the volume of the set on which they differ. So before we give 
the definition of w-convergence, let's show this result. The proof is a bit technical, but the 
idea is very simple and is described at the beginning of the proof. 

Proposition 4.1. Suppose that go,gi G M, and let E := caTi{gi - go) = {x £ M \ 
go{x) 7^ gi{x)}. Then there exists a constant C{n) depending only on n = dimM such 
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M 



Length—!- 



C(n)yVol(j5,so 





X(M \ E)go 




Figure 1. The heuristic idea for the proof of Proposition 4.1 A path in 
the family is given by traveling partway down the black line from qq, then 
skipping over on one of the purple lines, and finally traveling up the black 
line to gi. 



that 



d{go,9i) < C(n) (VVol(i?,(7o) + \/Vol(i?,(7i)) • 

In particular, we have 

diam({5 G M \ Vol(Af,g) < 6}) < 2C{n)^. 

Proof. The second statement follows immediately from the first, so we only prove 
the first. 

The heuristic idea is the following. We want to construct a family of paths with three 
pieces, depending on a real parameter s, such that the metrics do not change on M \ E 
as we travel along the paths. Therefore, we pretend that we can restrict all calculations 
to E. On E, the first piece of the path is the straight line from to sgo for some small 
positive number s. It is easy to compute a bound for the length of this path based on 
Vol(-E',go)- The second piece is the straight line from sgo to sgi, which, as we will see, 
has length approaching zero for s — > 0. The last piece is the straight line from sgi to gi, 
which again has length bounded from above by an expression involving Yol{E,gi). This 
idea is illustrated in Figure [T] 

Our job is to now take this heuristic picture, which uses paths of metrics, and 
construct a family of paths of smooth metrics that captures the essential properties. 

For each k £ N and s G (0, 1], we define three families of metrics as follows. Choose 
closed sets Fk ^ E and open sets Uk containing E such that Vol(f7fc, (7,) — Vol(Ffc, (7^) < 1/k 
for i = 0, 1. (This is possible because the Lebesgue measure is regular.) Let fk^s £ C°°(M) 
be functions with the following properties: 

(1) fk,s{^) = s if x G Ffc, 

(2) fk,s{x) = 1 if X C/fc and 

(3) s < fk,s{^) < 1 all X G M. 
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Now, for t e [0, 1], define 



^k,s 

9t 

-k,s 

9t 

~k,s 

9t 



((1 -t)+ tfk,s)go 
{{l-t)+tfk,s)9i- 



We view these as paths in t depending on the family parameter s. Furthermore, we define 
a concatenated path 

k,s ^k,s -k,s /~k,s\~'l 

9t ■= 9t * 9t *{9t ) , 
where of course the inverse means we run through the path backwards. It is easy to see 
that Qq'^ = go and g^'"^ = gi for all s. Also note that each path making up g^'^ is just a 
straight-line path. The first is from go to fk,sgoi the second is from fk,s9o to fk,s9i-, and 
the third is from fk,s9i to gi. 

We now investigate the length s of e ach piece of separately, starting with that of 
fiff'^. Recalling that by Convention 2.51 Go = g^^go, we compute 



^k,s\/\ 







~k,s dt 
9t 



tr 



\JM 

1 



{(l-t)+i/fe,,)<;o 



{{{fk,s - l)9of) ^detail -t)+tfk,s)Go) fig 



1/2 



dt 



1/2 



dt. 



((1 -t)+ tfk,s)^~Hlg, (((1 - fk,s)90f) Vdet Go fig 

'0 \JUk J 

since det(AA) = A^/^det^ for any n x n-matrix A and A G M. Note that in the last line, 
we only integrate over C/^, which is justified by the fact that 1 — fk,s = on M \ Uk- Since 
s > 0, it is easy to see that 

so that 

t%) (((1 - fk,s)9of) = n{l - fk,sf < n. 
This gives us the estimate 

L{t') < £ (nj^ (^i-t)+tfk,sf2-^fig,^ ' dt. 

Now, to estimate this, we note that for n>4, ^— 2>0 and therefore fk,s ^ 1 implies 
that 

So in this case, 

(4.1) L{gf'') < VnVol([/fe,(7o). 

For l<n<3, |— 2<0 and therefore one can compute that fk^s > s > implies 

{{l-t)+tfk,s)'^-'<{l-t)^-'. 

In this case, then, 

(4.2) L(5^^) < y^nYol{Uk,go) [\l - tf^-' dt, 



and the integral term is finite since f — 1 > —1- Furthermore, the value of this integral 
depends only on n. Putting together (4.1) and (4.2) therefore gives 

(4.3) L(fff'^) < C{n)y^Yol{Uk,go), 

where C(n) is a constant depending only on n. 
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In exact analogy, we can show that 

(4.4) L(5f '^) < C(n) VVol(^fc,5i), 

where we can even use the same constant C(n). 

Nej 
M\E, 

Wigt'yWl^s = [ tr^fe.({i--%o+t9i) {ifkA9i-9o)f) JdetifkA{l-t)Go + tGi))f,g 



Next, we look at the second piece of ^f'*. Here we have, using that gi — go = on 



fl'^iT(^i_t)gQ+tgi ((51 - 9of) \/det((l -t)GQ + tGi) fig. 

E ' 



Note that in the last line above, we are only integrating over E, and the factors of fk^s in 
the trace term have canceled each other out. Also note that fk,s{x) = s if x € F^, and 
fk,s{x) < 1 for all X S M. So it follows from the above that 

Wiin'Wl^s < 5"/' i ^Hi-t)go+tg, {{9i-9of) Vdem-t)Go + tGi)fig 



Fk 



tr(i_t)gg+tg^ {{gi - gaf) v^det((l - t)GQ + tGi) fig 

E\Fk 

For each fixed t and k, the first term in the above clearly goes to zero as s — > 0. By our 
assumption on the sets F^, the second term goes to zero as /c — > oo for each fixed t (it 
does not depend on s at all). But since t only ranges over the compact interval [0, 1] and 
all terms in the integrals depend smoothly on t, both of these convergences are uniform 
in t. From this, it is easy to see that 

(4.5) lim lim Lig^'") = 0. 

fc— +00 s— »0 



With all of this preparation, we can finally use (4.3), (4.4) and (4.5) to estimate 
d{go,gi) < inf L(5''') < lim Hm Ug'^n < C{n) ( y/\ol{E , go) + ^J\o\{E,g^) 

k,s k^oo s^U \ 

by our assumptions on the sets Uk- O 

Before we move on with general considerations, we give two simple examples that 
illustrate some important principles here. The first principle is, as we mentioned, that 
metrics that differ on a small- volume subset of M are close together, no matter how their 
coefficients differ individually. Thus, as the first example shows, a Cauchy sequence need 
not converge on a set with volume zero in the limit. The second example demonstrates 
that very different paths or sequences can be equivalent in Ai^^'^, even if they become 
unbounded. It also hints at a principle that we'll elaborate on in Subsection |4.1.4[ namely 
that we can essentially ignore that a Cauchy sequence in M becomes unbounded, taking a 
sequence or path of metrics that become unbounded at some points and replacing it with 
a sequence or path that remains bounded. 

Example 4.2 (A d-Cauchy sequence that does not converge pointwise). Let our base 
manifold M now be the torus T^. In the standard chart on the torus ([0, 1] x [0, 1] with 
edges identified) , we define a sequence of metrics by 

/|cosA;| 
^''■=[ k-' 

(These are, indeed, positive definite matrices, since cos A; ^ for all k £ N.) On the one 
hand, this sequence does not converge pointwise, thanks to the oscillating |cos k\ coefficient. 
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On the other hand, since clearly 



Um Vol(T^5fc)= hm a/ ^ = 

K— »oo fc— >oo V rC 



Proposition 4.1 allows us to see that {gk} is indeed a Cauchy sequence. 

Note that since |cosA:| is bounded, we can select a subsequence {^fc^}, equivalent to 
the original sequence, that does converge. This works for the example here, but as the 
next example shows, there are Cauchy sequences and finite paths with no convergent 
subsequence. 

Example 4.3 (Very different, but equivalent, finite paths, and an example of unbound- 
edness). We again let M = r^, and we define a family of metrics by 



r,s 



e'^* 



9t [ Q g-St 

for t G [1, cxd) and r, s > 0. We consider this to be a path depending on t for each fixed 
choice of r and s. Each g^'^ has pointwise limit, as t — > cxd, the "tensor" 

oo 


Thus gl'^ becomes unbounded over the entire base manifold. 

If we let h^'^ = {gf'^y , then it is not hard to directly compute that 

\\hl''\\gr,s = y;:^T^e(^-^•)*/^ 

which is integrable on [1, cxd) if and only if s > r, and therefore g^'^ is finite if s > r. On 
the other hand, we also have that 

lim Vol(r2,5['') = 

if and only if s > r. (If s = r, the volume is constant, and if s < r, the volume diverges.) 



Thus, by Proposition 4.1 (or a direct computation, if one is so inclined), we have 



lim d{gl'%gt'^) = 

whenever r > s > and a > 6 > 0. In other words, though the coefficients of and g"'^ 
can differ greatly, these finite paths are equivalent because the volume of the set on which 
they differ vanishes in the limit. In fact, any two paths g} and g^ with 

Vol(M, g})^0 and Vol(M, gt) ^ 

are equivalent. Therefore, we can pick a representative from the equivalence class [g^''^] E 
Ai that does not become unbounded, but rather converges to a true tensor (with coeffi- 
cients assuming values in M). A canonical choice might be a finite path with pointwise 
limit the zero section of S'^T* M. 

4.1.2. w-convergence and its basic properties. So we now clearly see that we 
have to back off from the demand that Cauchy sequences converge pointwise on their 
deflated sets. Nevertheless, we can expect other nice behavior of Cauchy sequences, and 
what we do expect is given in the next definition. The definition itself looks a bit technical, 
but is actually rather simple. Therefore, after stating it in full, we will explain each of its 
parts in more detail. 

First, though, recall that we define general measure-theoretic notions (e.g., the no- 
tion of something holding almost everywhere, or a.e.) using the fixed reference metric g 



(cf. Convention 2.51). Furthermore, we need one definition before that of w-convergence. 
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Definition 4.4. We denote by Aim the set of all measurable semimetrics on M. 
That is, M m is the set of all sections of S'^T*M that have measurable coefficients and 
that induce a positive semidefinite scalar product on TxM for each x G M. 

Define an equivalence relation "~" on Mm by go ~ gi if and only if 

(1) their deflated sets Xg^ and Xg-^ differ at most by a nullset, and 

(2) go{x) = gi{x) for a.e. x e M \ (X^^ U Xg,). 

We denote the quotient space of A^m by 

Mm ■■= Mm/^- 

Definition 4.5. Let {gk} be a sequence in M, and let [goo] G Mm- Recall that we 
denote the deflated set of the sequence {gk} by Xjg^y and the deflated set of an individual 



semimetric g by Xg (cf. Definitions 2.57 and 2.58). We say that gk u)-converges to [^foo] if 
for every representative goo £ [^oo], the following holds: 

(1) {gk} is (i-Cauchy, 

(2) Xg^ and -^{g^.} differ at most by a nullset, 

(3) gk{x) goo{x) for a.e. x£ M\ ^{g^^}, and 

(4) Efcli45fc,fffc+i) < oo- 

We call [goo] the uj-limit of the sequence {gk} and write gk boo]- 

More generally, if {gk} is a d-Cauchy sequence containing a subsequence that uj- 
converges to [goo], then we say that {gk} uj-suhconverges to boo]- 

So let's go through the definition one part at a time. 

Condition ([T]) is simply there for convenience, so we don't have to repeatedly assume 
that a sequence is cj-convergent and Cauchy. 

Condition Q says that the limit metric is deflated at a point a; G M if and only if x 
is a point where {gk} deflates (up to a nullset where this fails to hold). 

Condition Q says that {gk} has a pointwise limit at almost every point off the deflated 
set. Note that this limit will necessarily be positive definite, since if x G M \ ^{g^.}, then 
there exists some 5{x) > such that 

deigk{x) > 5{x) 

for all G N and in every chart from the amenable atlas that contains x. 

Finally, condition Q is technical and will aid us in proofs. Conceptually, it means that 
we can find paths ak connecting gk to gk+i such that the concatenated path ai * a2 * ■ ■ ■ 
has finite length (cf. the proof of Theorem |2.2[ ). Given condition ([T]), we can always achieve 
this by passing to a subsequence. (We remark here, however, that these two conditions 
are not independent. In fact, (|4| implies ([l]).) 

Now that we have this definition out of the way, let's move on to proving some prop- 
erties of it. We first state an entirely trivial consequence of Definitions |4.4| and |4.5| 



Lemma 4.6. Let [goo] G M, and let {gk} be a sequence in M. Suppose that for 
one given representative goo £ boo]; {gk} together with goo satisfies conditions ([T|-(|4| of 



Definition 4-5 Then these conditions are also satisfied for {gk} together with every other 
representative of [goo] ■ 

Therefore, if can we verify these conditions for one representative of an equivalence 
class, this already implies {gk} boo]- 

We can thus consistently say that {gk} w-converges to an individual semimetric goo £ 
Mm if the two together satisfy conditions ([T])-(|4]) of Definition 4.5 By the lemma, this 



is completely synonymous with saying that {gk} w-converges to the equivalence class 
boo] £ Mm- It is of course easier to show that {gk} w-converges to one semimetric. 
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rather than a whole equivalence class. In the following we will generally simply prove oj- 
convergence to the canonical choice of representative, the semimetric ^oo S [^oo] for which 
goo{x) = for all X G Xg^. 

The next property of w-convergence is also obvious. 

Lemma 4.7. If {5^} and {g\^ both uj-converge to the same element [qoo] S Mm, then 
{g^} and {g\^ have the same deflated set, up to a nullset. 



Proof. This is immediate from property Q of Definition 4.5 as goo{x) = if and 
only if X is in the deflated set of both {g^} and {gl}- □ 

Recall that the main goal of this section is to show that each Cauchy sequence in M 
has an w-convergent subsequence. To do this, we will first prove a pointwise result in the 
following subsection. 

4.1.3. (Riemannian) metrics on Mx revisited. In this subsection, we take a 
closer look at the Riemannian metrics (•,•) and (•,-)'^ (see Lemma 2.35 and Definition 



3.4 respectively) that we have defined on the finite-dimensional manifold A4x- Since the 
distance function 6x is induced from (•,•)'', and the metric Qm on Ai is defined via 9x, we 
can get information on by studying (•, ■)^. And information on Qm yields information 



on d via the estimate of Lemma 3.8, Furthermore, by recalling the definitions of the two 



Riemannian metrics, we can see that (•, •)'^ is intimately related to (•,•): 

(4.6) {h,k)^g = {h,k)gdetG for all g e Mx and h, k e TgMx = Sx- 

Thus, we will first study the simpler Riemannian metric (•, •) and find out what properties 
of (•,•)'' we can deduce in this way. 

We first make the observation that (•, •) differs very much in character from its inte- 
grated version (•,•). In particular, A^^: is complete with respect to (•,•)! This is is not 
hard to see, as we can solve the geodesic equation of (•, •) directly. Following the analogous 
computation for (•, •) on Ai carried out in |19| Thm. 2.3], we first calculate the Christoffel 
symbols of (•, •) and then use them to solve the geodesic equation. We note that our 
computation is basically just a simplified version of that in [19j. 

Before we start, let's clear up some notation. 

Definition 4.8. By dx, we denote the distance function induced on M-x by (•, •). We 
denote the (•, •)-length of a path at in A4x by L^''''^{at) and the (•, •)''-length by L^'''^ (oj). 

Now we compute the Christoffel symbols. 

Proposition 4.9. Let h and k be constant vector fields on Mx, and denote the Levi- 
Civita connection of (•, •) by V. Then the Christoffel symbols of {■, ■) are given by 

r{h, k) = Vhk\g = -\ [h-g-^k + kr^h) . 

Proof. All computations are done at the base point which we will omit from the 
notation for convenience. Let i be any other constant vector field on Mx- By the Koszul 
formula, 

2lyhk, t) = h{k, t] + h) - i{h, k) - {h, [k, i]) - {k, [£, h]) + {£, [h, k]). 

Notice, however, that the last three terms drop out, since h, k, and i are all constant, so 
their brackets with each other are zero. Therefore we have 

(4.7) 2{Vhk,£) = h{k,£) +k{£,h) -i{h,k). 

Now, it is well-known (and easy to verify by differentiating gg~^ = I) that the deriv- 
ative of the map g 1-^ g~^ at the point g is given by a 1— > —g~^ag~^. Using this, along 



76 



4. CAUCHY SEQUENCES AND ^-CONVERGENCE 



with the definition of (•, •) and the fact that a, 6 i— > tr(a6) is bihnear, we get (denoting the 
derivative of a function / in the direction h by h[f]) 

h{k,i) = h[tigiki)] = h [tr {ig-'k)Cg-'i))] 

= -ti{Cg-'hg-'k)Cg-'i)) - tr {{g-'k)Cg-'hg-'^)) • 

Repeating the same computation for the other permutations and substituting the results 
into (4.7) yields 

2{V hk, i) = -tr {Cg-'hg-'k)ig-'i)) - tr {{g-'k)ig-'hg-'^)) 
- tr {ig-'kg-'i)ir'h)) - tr {Cg-'m-'kr'h)) 
+ tr {{~g-'rg-'h){~g-'k)) + tr {{g-'h){~g-'rg-'k)) 

= - tr {~g-^h~g-^k~g-'i) - tr {~g-^ k~g-^ h~g-' i) 

= -{h~g-^k,e)-{k~g-'h,£), 

where in the second-to-last line we have used the invariance of the trace under cyclic 
permutations. The result now follows directly. □ 

Using this, it is a relatively simple matter to solve the geodesic equation of (•,•). 

Proposition 4.10. The geodesic gt in {Mx, ■)) with initial data go, g^ is given by 

In particular, {Mx,dx) is a complete metric space. 

Remark 4.11. Note that this formula is exactly the same as the geodesic equation 
for {M^, (•, •)) (cf. Proposition 2.46). This is no accident, and occurs because the volume 
form is constant over Ai^. Therefore there is no contribution to the Christoffel symbols 
coming from the volume form. As a result, all of the dynamics come from the integrand 
of (•,•), and the integrand is exactly (•,•). 

Nevertheless, since we haven't derived the geodesic equation for M^, we prefer to 
prove Proposition 4.10 directly, without resorting to indirect arguments. The proof is not 
hard, anyway. 

Proof of the proposition. Let at := g't- Since gt is a geodesic, we have VatO^t = 0. 
Therefore 

(4.8) = at+ T{at, at) = a't - atgt^at 



by Proposition 4.9 Now, since g't = at, the t-derivative of t ^ g^^ is the same as the 
derivative of gt ^ g^^ in the direction of at. Hence, (g^^at)' = gt^o^'t ~ dt'^^tdt^'^t- is 
then easy to see that multiplying (4.8) on the left by g^^"^ gives 

{Qt^at)' = 0. 

Thus gt^g't is constant, or \o^[gt)' = gt^Qt = The geodesic equation now follows, 

and it remains to show that {Mx, dx) is complete. 

Since A i— > maps symmetric matrices into positive definite matrices and tg^^^g'^ 
is 5(o-symmetric, goe^^o 9o is a positive definite matrix for all t S (—00,00). Thus gt is 
positive definite for all t, and so {Mx, {■, •)) is geodesically complete. Since Aix is finite- 
dimensional, the Hopf-Rinow theorem applies to show that {Aix,dx) is complete. □ 



From Proposition 4.10 and (4.6), we would suspect that a finite-length path gt in 
{Aix, {•, ■)^) can deflate or become unbounded only if det gt converges to zero — otherwise, 
the (•, •)''-length of gt is related to the (•, •)-length by a constant, and a path with finite 
(•, •)-length lies completely within Mx- The following lemma and proposition confirm this 
suspicion. The lemma is the pointwise version of Lemma 3.3 and the proposition is our 
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first concrete step towards proving existence of the cj-limit — it is the necessary pointwise 
result. 

Lemma 4.12. Let ao,ai G Mx- Then 



Tl 

< Y^I(ao,ai). 



(Recall Convention 2. 51\ for the definitions of Ai.) 

Proof. Let at, t G [0,1], be any path from oq to ai, and recall that At = g'^at 
(cf. Convention 2.51 ). Following the proof of Lemma 3.3, we have 

dt\/det At = ]- {ti at a't) \/ det At = ]- ({tiat a't)"^ det At"^ 



<-{ntTat{{atr)detAt) 



,1/2 



I nl\0 

at 1 



where the inequality follows, as in the proof of Lemma 3.3 from (3.2). This now implies 
that 



„x I — „x I — 

Vdet Ai - Vdet ^0 = y ^t^J det At dt <^ J ^{a't.aXt dt = ^L{at). 

Since this holds for all paths, we can replace the far right-hand side with ^9%{aQ,ai). 
Now repeating the computation with oq and ai swapped completes the proof. □ 

Proposition 4.13. Let a^ be a 6x-Cauchy sequence. Then either 

(1) det Afc — > for k oo, or 

(2) there exist constants C, r/ > such that \{ak)ij\ < C and det^^ > r] for all 
^ ^ i, j ^ n and fc S N. 



Proof. Keeping Lemma 4.12 in mind, it is more convenient to work with the square 
root of the determin ant. T his is, of course, completely equivalent for our purposes. 
Now, by Lemma 



4.12 



the map a i-^ V det A is 6'x-Lipschitz. Since Uk is 0f-Cauchy, it 
is easy to see that lim^^oo V det A^ exists, so let's call this limit L. 

If for every rj > 0, there exists k such that y/detA^ < rj, then clearly L = 0. 
It remains to show that if there exist i and j such that for all C > 0, there is a A; such 
that |(afc)iil > C, then ^/detA|^ — > 0. We will assume that L > and show a contradiction. 
Let's say that we are given bQ, bi £ Mx with det Bq, det Bi > 5. Let 

L_5 := inf (bt) \ bt is a path from b^ to bi with det Bt < 5/2 for some t £ (0, 1)| , 

L+5 := inf bt is a path from bo to bi with det Bt > 6/2 for aU t G [0, 1]| . 

It is easy to see that 9x{bo, bi) = min(L_5, L^s)- Now let bt be a path as in the definition 
of L_5, and assume r £ (0, 1) is such that det Br < 5/2. Then using Lemma 4.12 we have 

L<v)''(6i)=L<-)°(6t|[o,.])+^<-'->''(6dM]) 



> 



/n 



2 

> \/n 



^/det Bo - ^/det Br 



+ 



n 1 



V^det Bi - y^detBr 
V~6. 



V~6- 



Therefore L^s ^ V^(l ~ l/\/2)v^- Then, if bt is a path as in the definition of L^s, we 
have 



L{bt) 



{b'tA)'dt 



{b'^,b[) det Btdt > 



^{b[,b[)dt>J^^dx{boM) 
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This gives L^s ^ y^(5/2 dx{bo, bi). Putting all of this together, we get that 
(4.9) 0i(6o,6i) >min{Vn(l- 1/^)^/5, V^4(6o,6i)} 



whenever det 5o, det Bi > 6. 

Now, let's apply the considerations of the last paragraph to the problem at hand. Let i 
and j be, as above, the indices for which |(afc)ij| is unbounded, and choose a subsequence, 
which we again denote by a^, such that |(aA;)jj| > k for all /c € N. Passing to this 
subsequence does not change the limit limjt^oo V det ■ 



Next, choose K £N such that k > K implies \/ det Ak > L/2 and k,l > K implies 
^x{o,k,ai) < ^y/n{l — The latter assumption is possible since is Cauchy. 



By (4.9), if > i^, we also have 



i(oK,afc) > mm{^{l - 1/V2)^/L/2, ^/L/4d^{aK,ak)}. 



But 9x{aK,o.k) > V^(l ~ l/\/2)\/^/2 violates our assumptions on K. Furthermore, 
dx{aK,o,k) — > oo since |(afc)ij| oo and {Aix, {',')) is complete. Therefore, ii6x{aK,ak) ^ 
\/Lj4:dx{aK, o-k) for all fc, then our assumptions on K are violated as well. Thus we have 
achieved the desired contradiction. □ 

Since for every pair of constants C, ?? > 0, the set of elements g of Mx with \gij\ < C 
and det G > r] for all 1 < j < n is compact, we immediately get the following corollary 



of Proposition 4.13 



Corollary 4.14. Let {gk} be a 6x-Cauchy sequence. Then either 

(1) det Gfc — > for k ^ oo, or 

(2) there exists an element g^o £ Mx such that gk — > goo, with convergence in the 
manifold topology of Mx- 

Proof. By the discussion preceding the corollary, if det Gfc is bounded away from 
zero, then {gk} is contained within a compact subset of Mx- Since a compact subset of 
a metric space is complete and {gk} is Cauchy, it 0^-converges to some limit goo- Finally, 
since Aix is finite dimensional, the topology induced by 9x coincides with the topology of 
M 2; as a manifold (or open subset of Sx), so in fact gk — > goo- C 

This is essentially the pointwise equivalent of cj-convergence. In the next subsection, 
we will globalize this result. Before we do that, though, we use this opportune moment 



to prove two last pointwise results, which will be useful in Section 4.3 The first is the 



pointwise analog of Proposition 4.1 



Proposition 4.15. Let g,g £ M.x- Then there exists a constant C'{n), depending 
only on n, such that 

93 {g, g) < C'{n) fVdetG + Vdet G 



Proof. For this proof, we will denote the (•,•) "^-length of a path simply by L. The 
metric (•, •) does not play a role here, and so there is no need to distinguish between the 
two lengths. 



The proof goes very similarly to Proposition 4.1 but is simpler because we do not need 
to do any argument approximating paths of metrics by C°° metrics. Since the ideas 
are the same, the proof can be safely skipped, but we include it here for completeness. 

First, define paths gf and for < s < 1 and t G [s, 1], by 

gl := tg and gl := tg. 

We consider these as a family of paths in the time variable t with domain depending on 
the family parameter s. 
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Second, define a family gf of paths in t depending on the family parameter s by 

-gl ■.= s[(l-tyg + tg), 

where again < s < 1 but this time t G [0, 1]. 

Then the concatenation gf := {gt)~^ *9t*9t (here, {gt)^"^ means we run through that 
path backwards) is, for each s, a path from g to g. We will prove that 

\imL{gl) < C {n) (VdetG+ Vdet G] , 



which will imply the result immediately. 

First, note that L{gf) < linis^Q L(gf) for all s. To compute the right-hand side, note 
that 

m)\{~9ty)h=tTtg{~9')det{tG) = (ndetG')tt-2. 

Therefore, 



L{gf) < lim L{gf) = VndetG [ t"^^^ dt. 



Since j — 1 > —1, the above integral is finite, with a value depending only on n. Hence 
we have 



L{gt) < C'{n)VdetG. 
In exactly the same way, we can show 

L{gt) < G'{n)VdetG, 

even using the same constant. 

Now, if we can show that lims^o L{gl) = 0, we will be finished. So we compute 

{9ty)% = ^^s(ii-t)g+tg) {s\9 - 9?) det(s((l - t)G + tG)) 

= tr((i_,)^+,^ ((5 - ~gf) det((l - t)G + tG) 

= s-'\{gl)\{gl)')l.. 

This implies that 

m) = s-/^L[gl), 

from which lims_^o I^{9t) = is immediate. This completes the proof. □ 

The last pointwise result we need combines Corollary |4. 14| and Proposition 4.15 to give 
a description of the completion of the metric space {Mx, dx)- 

Theorem 4.16. For any given x £ M , let c\{Mx) denote the closure of Mx C Sx with 
regard to the natural topology. Then cl(A^^) consists of all positive semidefinite (0,2)- 
tensors at x. Let us denote the boundary of M.x, as a subspace of Sx, by dAix- 

Define an equivalence relation on cl(A^2;) by go ~ gi if and only if go,gi S ^^Ax■ 
Thus, we simply identify the boundary of Mx together to a point. 

Then the completion of {Mx,(^x) can be identified with the space d{Mx)/^- The 
distance function is given by 

ei(5o,5i)= lim 9M,9l), 

fe— >oo 

where {g^} and {gl} are any sequences in M.x converging (in the topology of Sx) to go 
and gi, respectively. 

Proof. Note that g i-^ det G is a continuous map from Sx to the reals, that the map 
is positive when restricted to A4x, and that it is constantly zero when restricted to d.A^x' 



The latter facts are implied by Proposition 2.9 



Let {gk} be any sequence in Aix- By Corollary 4.14 if {gk} is Cauchy then either 
9k — *■ 9oc £ -Mx (with convergence in the topology of Sx), or det Gk 0. By Proposition 
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4.15[ all sequences with det Gk ^ are equivalent Cauchy sequences, and so they are 
identified in {A4x, ^x)- Since the determinant is a continuous map, as noted above, we can 
thus identify such sequences with any given sequence converging to dA4x- 

Finally, ii gk — > goo G -Mx in the topology of 5^, then we also have that 9xigk,goo) — > 0, 
because Aix is finite dimensional and so the topology of 9x coincides with the manifold 
topology. This implies that {gk} is Cauchy. By the same reasoning, we can show that if 
{gk} is a second sequence converging to goo in the topology of Sx, then {g^} and {gk} are 
equivalent. 

We have thus shown that {gk} is Cauchy if and only if either gk — > goo S -Mx or 
det Gk — > holds. We have also shown that all sequences with det Gk — > are equiva- 
lent, and that all sequences converging to the same element of Mx are equivalent. The 
statement of the theorem now follows. □ 



4.1.4. The existence proof. Corollary 4.14 gives us strong hints as to what to 
expect from Cauchy sequences in Ai. Thinking heuristically, a d-Cauchy sequence {gk} in 
should be a Cauchy sequence in 9x for "most" points x by the estimate of Proposition 



3.8 Then we know that at "most" points x, either {gk{x)} converges or detGfc(x) 
0. That is, {gk} converges at "most" points outside the deflated set. The goal of this 
subsection is to make this heuristic idea precise and use it to prove existence of the 
limit. 

Lemma 4.17. Let {gk} be a Cauchy sequence in M. By passing to a subsequence if 
necessary, we can assume that 



^d{gk,gk+i) < oo. 



k=l 



Then the following holds: 



,gk+i) < oo. 

fc=i 

Furthermore, define functions 0, and Jljv for each N £N by 

N oo 

:= ^9l:{gk{x),gk+i{x)), ^ := ^9^^{gk{x), gk+i{x)). 

k=l k=l 

Then ^ is a.e. finite, Vl G L^{M,g) and JIat Furthermore, by definition, 

converges to 0, pointwise. 

Proof. The first statement is clear, as is the statement that ^ 0, pointwise. So 
we move on to the other statements. 

implies that y^Vol(M, gk) is a Cauchy sequence in M. Therefore it is 



Lemma 



3.3 



bounded, and we can find a constant V such that y^Vo1(M, gk) < V for all k. Thus, by 



Proposition 3.8 



'S>M{gk,gk+i) < 2d{gk,gk+i) l^d{gk,gk+i) + V 

But for large k, since {gk} is Cauchy, we must have d{gk,gk+i) < 1, so 

QM{gk,gk+i) < y/nd{gk,gk+i)'^ + yd{gk,gk+i) < {Vn + y)d{gk,9k+i)- 

The first statement is now immediate. 

To prove the second statement, we recall the monotone convergence theorem of Le- 
besgue and Levi f4l Thm. 2.8.2]. Let {X, S, z^) be a measure space, and let hi, for z G N, be 
measurable functions X [0, +00]. Suppose that hi < /ij+i for all i S N and a.e. x G X, 



4.1. EXISTENCE OF THE a.;- LIMIT 



81 



and furthermore that supj J hidv < oo. Then the function defined by h{x) := lim hi{x) is 
a.e. finite, and 



hm 

j— >oo 



hi du 



X 



h dv. 



X 



This theorem imphes a criterion for exchanging infinite sums and integrals. In particular, 
let fi be a sequence of nonnegative measurable functions on X. Let F]\j be the partial sum 
of the first elements and define F := limAr.^00 F]\f. Suppose that sup^ / Fjy di^ < 00. 
Then F and F/v clearly satisfy the requirements of the monotone convergence theorem, so 
we have 



V / fidi^= lim V / fidi^= lim / FNdu= / Fdu= V /, 
^ Jx ^ Jx Jx Jx Jx \^ 



dv. 



i=l 

We can apply this to O and 0,^ to obtain 

N 



I Vt^g= lim I nNfJ-g= lim / 6*^(5^, fi-fe+i) Atg = ©A/CSfc, S-fc+i) < 



00, 



where finiteness follows from the first part of the lemma. This proves that $7 is a.e. finite 

and n £ L^{M,g). It remains to show that fl^ — > fl. But this is now immediate from 
|47l Thm. 8.5.1], which states that if 1 < p < 00, /j ^ / a.e. and ll/llp; then 

Using this lemma, we can prove what we heuristically described before — that given a 
Cauchy sequence {gk}, we can find a subsequence {gk,^} such that {gkmi^)} is ^z-Cauchy 
for "most" X, allowing us to apply Proposition 4.13 at these points. 

Proposition 4.18. Let {gk} be a Cauchy sequence in M. such that 



^d{gk,gk+i) < 00. 



fc=i 



Then {gk{x)} is a 9x-Cauchy sequence for a.e. x G M . 



Proof. By our assumption, all the conclusions of Lemma 4.17 hold. In particular, 
Oat — > $7 pointwise and O is a.e. finite. Therefore, for a.e. x S M, 



(4.10) 



^Gl{9k,gk+i) = 57(x) < 00. 



k=l 



It is then simple to show that {gk{x)} is ^^-Cauchy at a point where (4.10) holds, for 
if / < m. 



ei{gugm)<Y.9l{gk 



k=l 



by the triangle inequality. But (4.10) shows that the right-hand side of the above is small 
for I and m large, proving that {gk{x)} is 0^-Cauchy. □ 



The previous proposition allows us to globalize Corollary 4.14 The precise statement 
is the following: 

Corollary 4.19. Let {gk} be a Cauchy sequence in M such that 

00 

'^d{gk,gk+i) < 00. 

k=l 

Then for a.e. x G M, {gk{x)} is Ox-Cauchy and either: 
(1) det Gtf,[x) for k 00, or 
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(2) gk{x) is a convergent sequence in M.x- 
Furthermore, ([T]) holds for a.e. re G ^{g^}, o,nd ^ holds for a.e. x S M \ ^{g^.}- 



Proof. By Proposition 4.18, {gk{x)} is ^x-Cauchy for a.e. x. Then Corollary 



4.14 



implies the result immediately. □ 
This corollary essentially delivers us the proof of the existence result. 

Theorem 4.20. For every Cauchy sequence {gu], there exists an element [goo] £ -^m 
and a subsequence {gti} such that {gti} oJ-converges to [goo]- 

Explicitly, [goo] is the unique equivalence class containing the element goo £ -Mm de- 
fined as follows. At points x €z M where {gki{x)} is 9%- Cauchy, 

(1) 500(2;) := /or X G ^{^^j and 

(2) 500(2;) := Yimgkiix) for x £ M\ X^g^^y 

At points X £ M where {gki{x)} is not 9x-Cauchy, we set goo{x) '■= 0. 
Proof. Let {gti} be a subsequence of {gk} such that 



00 

E 



d{gki,9ki+i) < 00. 



Then {gki} satisfies properties ([T]) and Q of Definition |4.5[ as well as the hypotheses 
of Corollary 4.19[ Thus {^fc,} is a.e. ^^-Cauchy, and so goo is defined a.e. by the two 



conditions given above. From this, it is immediate that {gki} together with goo also 
satisfies properties Q and ([s]) of Definition 4.5 Thus, {gki} w-converges to ^oo, and by 



Lemma 4.6 it therefore converges to [goo] — provided we can show that goo £ -M., 

Let's prove this last fact. Clearly goo is a semimetric, so we must show that goo is 
measurable. Now, on M \ X^g^ }, goo is the a.e. -limit of measurable metrics, so it is 
measurable restricted to this set. Furthermore, 500(2;) = for every x £ Xj^^j, so if we 
can show that X^g^ } is measurable, then we are done. But the following formula shows 
that X^g^^j can be built from countable unions and intersections of open sets: 

^{9fc;} = {x £ M \ \/6 > 0, 31 s.t. det gk,{x) < 5} 



f] [jLeM\detgki{x) < 



□ 



Knowing now that the w-limit of a Cauchy sequence of M exists (after passing to a 
subsequence), we go further into the properties of w-convergence. 

4.2. cu-convergence and the concept of volume 

In this brief section, we wish to prove that the volumes of measurable subsets behave 
well under convergence. Specifically, we want to show that if {gk} tij-converges to [goo] 
and y C M is measurable, then for any representative goo G [^oo], 

(4.11) Voi(y,<7fc) ^voi(y,5oo). 

To see that the above expression is well-defined, recall that a measurable semimetric 



g on M induces a nonnegative volume form and measure Hg on M (cf. Subsection 2.6) 



that is absolutely continuous with respect to the fixed volume form fig. Furthermore, 
^r^■^.o^^ fi,7r> t-otat-o=oti+ Q+ Wroo , g^^ G [doo], We have that figO^ = jjL gi^ OS measures — 
it is clear from Definition |4.4| that /x^o^ and ^gi^ can differ at most on a nullset. Thus 



Voi(y,5So) =Voi(y,5^ 
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The proof of (4.11) is achieved via the Lebesgue dominated convergence theorem 



(cf. Theorem 2.14). So let {gj^} w-converge to goo, and let's see what we need to do to 
apply this theorem. First, we need to show that (/ig^//ig) ^—>- (/Ugoo//^s)- If can also 
find a function / G L^{M,g) such that {fJ-g^/fJ-g) ^ / a.e., then the Lebesgue dominated 
convergence theorem would imply that 



Vol(y,5o 



Ms 



lim 



Y 



lY V fJ-g 

We begin by showing a.e.-convergence. 

Lemma 4.21. Let {g^} uj-converge to goo G Ai, 

fJ-gk \ a.c / /^g, 



^9k 

Mg 



Ms 



lim Vol(y,<7fc). 

K— »00 



Then 



Ms 



Ms 



Proof. Recall that 

'Msfc 
Ms 



a/ det Gfc and 



Msoc 
Ms 



So we can prove the statement by working with the determinants above instead of the 
Radon-Nikodym derivatives. 

We first prove that for a.e. x G X^g^y, detGk{x) ^ = det Goo as A; — > oo. By the 
definition of the deflated set, for every x G X^g^y and e > 0, there exists A; G N such that 

(4.12) detGfc(x)<e. 

But we also know from Proposition 4.18 and p roper ty (|4]) of Definition 4.5 that {gk{x)} is 



4.12 



^i- Cauchy for a.e. x G M. Hence, by Lemma 
in M at such points. Therefore it has a limit, and by (4.12) we know that this limit must 



det Gk{x)^ is a Cauchy sequence 



be 0. 

Now, for a.e. x £ M \ X^g^y, gk{x) — > goo{x). Since the determinant is a continuous 
map from the space of n x n matrices into M, this immediately implies that det Gk{x) — > 
det Goo (2;) for a.e. x £ M \ X^g^y. Combined with the last paragraph, this proves the 
desired result. □ 

Our next task is to find an L^ function that dominates {figf,/fig). 

Lemma 4.22. Let {gk} be a Cauchy sequence such that 



^d{gk,gk+i) < 00, 



A;=l 



(x) < 



and let O be the function of Lemma 4-1'^ Then 

Ms 

for a.e. x £ M and all A; G N. 



(x) 



4.18 



{gk{x)} is 0x-Cauchy for 



Proof. Fix some k for the moment. By Proposition 
a.e. X G M. Let x G M be a point where this holds. Then by Lemma |4.12 the triangle 
inequality, and the definitions oi and we have 

< 51) < ^ E ^^(<?m,5m+l) 

ra=\ 



Vdet Gfe - Vdet Gi 



n. 



^^fc-i(a;) < —^ix) 



84 



4. CAUCHY SEQUENCES AND ^-CONVERGENCE 



In particular, 



V^det Gk{x) < + y^det Gi{x). 



The result is now immediate. □ 

Now, since fig-^ is smooth, it has fi nite volume, implying that {^J-gi/fJ-g) G iMM^g). 

gives 



4.22 



We have already seen in Lemma 4.17 that 17 G L^{M,g). Therefore Lemma 
the necessary function dominating (fig^/fig), and we can apply the Lebesgue dominated 
convergence theorem as discussed before the lemmas to obtain: 

Theorem 4.23. Let {g^} uj-converge to goo G -Mm, and letYCM be any measurable 
subset. Then Vol(y, 5^) Vol(y, ^oo)- 

An immediate corollary of this theorem is that the total volume of the cj-limit is finite: 

Corollary 4.24. If goo is the uj -limit of a sequence {gk} inM., then Vol{M , goo) < 00. 
That is, goo ^ -^f- 



Proof. By Lemma 3.3, if {gk} is a d-Cauchy sequence, then {Vol(M, g^)} is a Cauchy 



sequence of positive real numbers. Therefore it converges to some finite nonnegative real 



number, and by Theorem 4.23 this number must be Yol{M, goo)- D 



Furthermore, as we might have suspected from the beginning, the volume of the de- 
flated set of an w-convergent sequence vanishes in the limit. 

Corollary 4.25. Let {gk} u-converge to goo £ M.f- Then the deflated set X^g^y 
satisfies Vol(X|^j, 5^) ^ 0. 



Proof. As noted in the proof of Theorem 4.20 X^g^y is measurable. Now, the defini- 
tion of w-convergence implies that Yol{X^g^y, goo) = 0, since goo[x) = for all x G -^{g^}- 
So Theorem |4.23| gives the result. □ 



Given Corollary 4.24, it behooves us to make the following definition, following which 



we refine the result of Theorem 4.20 using Corollary 4.24 



Definition 4.26. Let 7W/ C Mm denote the subset of those equivalence classes of 
semimetrics whose representatives are all elements of i.e., finite- volume measurable 
semimetrics. 

By the discussion at the beginning of the section, any two representatives of an equiv- 
alence class in Mm have the same total volume. Therefore, if one representative of an 
equivalence class has finite volume, then all do. Moreover, for every g £ Mf, [g] € Mf. 

The refinement of Theorem 14.201 is: 

Theorem 4.27. For every Cauchy sequence {gk}, there exists an element [goo] ^ Mf 
such that {gk} io-subconverges to [goo]- 

4.3. Uniqueness of the oj-limit 

The goal of this section is to prove the uniqueness of the cj-limit in the sense mentioned 
in the introduction to the chapter: we will show that two w-convergent Cauchy sequences 
in M are equivalent if and only if they have the same w-limit. 

We prove each direction in a separate subsection. After proving this uniqueness result, 
combining it with the existence result and the properties of w-convergence given above 
will show that for every equivalence class of Cauchy sequences in M, there is a unique 
equivalence class of finite- volume, measurable semimetrics that each of its representatives 
subconverges to. Thus, w-convergence is a suitable convergence notion for choosing a limit 
point for Cauchy sequences in M- 
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4.3.1. First uniqueness result. We first prove the statement that if two cj-conver- 
gent Cauchy sequences are equivalent, then their w-limits agree. To do so, we will extend 
the pseudometric 0y (cf. Definition 3.5) to the precompletion of A4. For this, we need an 
easy lemma. 

Lemma 4.28. Let Y <^ M be measurable. If {gt} is a d-Cauchy sequence, then it is 
also Qy- Cauchy. 



Proof. As noted in the proof of Lemma 4.17 since {gk} is d-Cauchy, the sequence 
Y^Vol(M, gk) in M is bounded, say by a constant V. Thus, by the estimate of Proposition 
|3.8[ for any k,l gN, we have 

&Y{gk,gi) < d{gk,gi) {Vnd{gk,gi) +2V) . 
From this the statement of the lemma is clear. □ 
Now we give the extension of @y mentioned above. 

Proposition 4.29. Let Y <^ M be measurable. Then the pseudometric @y on M can 
be extended to a pseudometric on M"^^"^ , the precompletion of M., via 

(4.13) ey({ff0},{5i}) := lim Qyiglgl) 

K— +00 

This pseudometric is weaker than d in the sense that d{{g^},{g\}) = implies that 
^■^^({S'fc}' {dk}) ~ f^'"' ^''^y Cauchy sequences {g^} and {gl}. More precisely, we have 

Qy{{9l},{9l}) < d{{gt},{9l}) (V^d{{gl},{gl}) + 2y^Yol{M,go 



(4.14) 

where go is any element of M.f with g^ [go] . 

Furthermore, if {g^.} and {gl.} are sequences in My that co-converge to go and gi, 
respectively, then the formula 



(4.15) QviigDAgl]) 

holds for all gQ,gi £ Aiy- 



Y 



Remark 4.30. In (4.14), we choose any u-limit of {g^}- The existence of such a limit 
has already been proved, but n ot its uniqueness. On the other hand, if go is a different 

guarantees that Vol(M, ^o) = Vol(M, ^iq). Therefore, the 



4.23 



w-limit o f {g^} , Theorem 

estimate (4.14) is independent of the choice of cj-limit. 

Proof of Proposition 14.291 The construction of a pseudometric on the precomple- 
tion of a metric space can be carried over to the case where we begin with a pseudometric 
space. Therefore, the limit in (4.13) is well-defined due to the fact that {g^} and {g^} are 
Cauchy sequences with respect to 0y, and (4.13) indeed defines a pseudometric. 



The inequality (4.14 ) is proved via the following simple computation, which uses (4.13 ), 



Proposition 3.8, and Theorem 4.23 



0y({5^},{5i})= lim @Y{gl,gl) 



< hm diglgl) {v^d{glgl) +2J\o\{M,gl) 



d{{gl}, {gi}) {^/^d{{gl}, {gl}) + 2VVol(M,go: 



As for the last statement, note first that 9x{go{x), gi{x)) is well-defined by Theorem 



4.16, since go and gi are positive semidefinite tensors at each point x G M. To prove 



(4.15), we will first use Fatou's Lemma (cf. Theorem 2.15) to show that Ox{go{x), gi{x)) is 
integrable. We will then use this to apply the Lebesgue dominated convergence theorem. 



86 



4. CAUCHY SEQUENCES AND ^-CONVERGENCE 



^|(5o(x),5i(a:))= lim O^Mi^) , dlix)) 



So we start by letting {g^} and {17^} be sequences in Ai w-converging to go and gi, 
respectively. 

By Proposition 4.18 for a.e. x G M, {g^{x)} and {gl{x)} are ^x-Cauchy. At such 
points, by definition, 

(4.16) 
So defining 

fk{x) := e^Mix),9l{x)), fix) := O^Mx) , 9i{x)) , 

we have /fc — > / a.e. 
Now, note that 

0y(9°,5'fe) = j^fk{x)iig{x). 

We have already seen that limfc^oo 0y(5fc, 5^) exists, so {0y(5fc,5fc)} is in particular a 
bounded sequence of real numbers. Thus 



sup / fk[x) Hg{x) = sup Qyigt 9k) < 
k JY k 



where we have used Fatou's lemma. 

Now we wish to verify the assumptions of the Lebesgue dominated convergence theorem 
for fk and /. We note that for each I > k, the triangle inequality gives 

fk{x) = e3M{x),gi{x)) 

/-I i-i 

< E 0Ug'raix),9l+i{x)) + dl{g^i{x),g]{x)) + ei{gl{x) , gl^^{x)) 

m=k m=k 
l-l l-l 

< E 0'A9^{x),9i+i{x)) + ea,{gf{x),gl{x)) + ^ ea{gi{x) , gi^.ix)) . 

m=l m=l 

Note that the only difference between the second and last lines is that the sums start at 
m = 1 instead of m = /c. Taking the limit / — > cx) of the above gives, for a.e. x £ M, 

00 00 
fk{x) < E (^'Mx),9'm+i{x)) + fix) + E 

m=l m=l 

where we have used ( |4.16[ ) . Now we claim that the right-hand side of the above inequality 
is L^-integrable. We already showed / is integrable usin g Fat ou's Lemma. As for the 
two infinite sums, they are each also integrable by Lemma 4.17 and tj-convergence of (7^, 
i = 0,1 (specifically, property ^ of Definition 4.5 and Lemma 4.17). Thus each fk is 
bounded a.e. by an function not depending on k. 

Knowing all of this, we can apply the Lebesgue dominated convergence theorem to 
show 



©y({5°},{5^})= lim ey(<7^,5^)= hm [ fk fig = [ f fig 
which completes the proof. 



SI:{9o{x),9i{x)) figix), 



□ 



With this proposition, proving the first uniqueness result becomes a relatively simple 
matter. 

Theorem 4.31. Let two to-convergent sequences {g^} and {g^}, with u-limits [go] and 
[gi], respectively, be given. If gk CLn-d gl O'f^ equivalent, i.e., if 



lim d{gl,gl) = 0, 

fc— »oo 



then [go] = [gi] . 
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Proof. Suppose the contrary; then for any representatives go £ [go] and gi £ [gi], 
one of two possibihties holds: 

(1) Xgg and Xg-^^ differ by a set of positive measure, or 

(2) Xgg = Xg^^ up to a nuhset, but go and gi differ on a set E with Ef\[Xg^^\JXg^) = 
and \o\{E,g) > 0, where g is our fixed metric. 

We will show that neither of these possibilities can actually occur. 

To rule out ([T|, let := X^^i^y denote the deflated set of the sequence {gl} for i = 0, 1. 
Then we claim Xq = Xi, up to a nullset. If this is not true, then by swapping the two 
sequences if necessary, we see that Y := (Xq \ Xi) has positive volume with respect to gi 
and zero volume with respect to go. {Y is simply the set on which {g^} deflates and {gl} 



doesn't.) But then by Lemma 3.3 



lim d{glgl) > lim Jyol{Y,gl) = V^ol{Y,gi) > 0, 

fe— >oo fc^oo V 



where we have used Theorem |4.23 This contradicts the assumptions of the theorem, so 



in fact Xo = Xi up to a nullset. Since by property (|2| of Definition 4.5 Xg^ = X^gi^y up 
to a nullset as well, Q cannot hold. 

So suppose that Q holds. Note that on E, go and gi are both positive definite. Since 
E has positive (7-volume, we can conclude from Proposition 4.29 (specifically ( 4.15| )) that 



0£;({5fe}>{5fc})>O. But then this and ( |4.14[ ) also imply that 



hm diglgl)=d{{gl},{gl})>0. 

k^oo 

This contradicts the assumptions of the theorem, and so Q cannot hold either. □ 

4.3.2. Second uniqueness result. Our goal in this subsection is to prove the fol- 
lowing statement: up to equivalence, there is only one d-Cauchy sequence w-converging to 
a given element of Ai /. That is, if we have two sequences {g^}, {gl} that both w-converge 
to the same [^oo] G A^/, then 

d{{gt},{gl})= d{gl,gl) = 0. 

k—rCO 

After we've proved this statement, we combine it with the existence result from Section 



4.1 and the results on volumes from Section 4.2 as mentioned in the introduction to this 



section. 

We will first prove the above statement for sequences that remain within a given 
amenable subset lA^ and will then use this to extend the proof to arbitrary sequences. 
Before any of this, though, we state a definition and a result from measure theory that 
we'll need. 

Definition 4.32 ([47'j Dfn. 8.5.2]). Let (X, E,i/) be a measure space, and let F he a. 
collection of measurable functions. We say that T is equicontinuous at if for any e > 
and any sequence {Ek} of measurable sets with 



k=l 

there exists Kq such that 

\f\du<e 



k 



for all / G and k > Kq. 



We note that in particular, if ^{X) < 00 and we are given a collection of functions 
for which we can find some constant C with 

|/(x)| < C for a.e. x G X and every f G J^, 
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then T is equicontinuous at 



Theorem 4.33 ([Tf, Thm. 8.5.14]). Let (X, S, v) he a measure space with u{X) < oo, 
and let f he a measurahle function on X. Furthermore, let fk he a sequence of functions 
in L'^{X, v). Then the following statements are equivalent. 

(1) fk^ f inLP[X,v). 

(2) {\fk\^\k& N} is equicontinuous at and fk^fin measure. 



Remark 4.34. We make a couple of remarks about this theorem that we will need 



later: 



(1) By |47| Thm. 8.3.3], a.e. convergence implies convergence in measure. Therefore, 
Theorem 4.33 implies that if | k £ N} is equicontinuous at and fk ^ f 
a.e., then fk^fin. LP{X, u). 

(2) By [47i Thm. 8.3.6], fk ^ f in measure, then there exists a subsequence {fki} 
f a.e. Combining this with Theorem 4.33 implies that fk ^ f 

f a.e. 



such that fki 



in LP, then there exists a subsequence /fc, such that fk^ 

We now state the second uniqueness result as confined to the context of amenable 
subsets. 

Proposition 4.35. LetlA he an amenahle suhset, and letlA^ he the L"^ -completion of 
U. If two sequences {g^} and {g\^ in U hoth uj-converge to [goo] € M.f, then {g^} and 
{gl} are equivalent. That is, 

lim d{glgl)=0. 

fe^oo 

Furthermore, up to differences on a nullset, [goa] only contains one representative, goo, 
and {g^} and {gl} hoth L'^ -converge to goo. In particular, goo S U^. 



Proof. Note that Definition 3.10 of an amenable subset implies that the deflated sets 
of {g^} and {gj,} are empty. Theref ore, all representatives of [goo] differ at most by a 

implies that gk,9l ^'^^ 



4.5 



go 



nullset, and property ([3j) of Definition 

Since all g^ and gj, satisfy the same bounds a.e. in each coordinate chart, it is easy to 
see that the set 

{\{9i)ijf I l<iJ<n, kGN} 
is equ icontinuous at in each coordinate chart for both I = and 1 = 1. Therefore, Remark 
gives that {g^} and {gl} converge in L^ to goo, proving the second statement. This 



4.34 



also implies that 



lim 

fc— »oo 



\9i 



9k\\g 



0. 



But now, invoking Theorem 3.15 gives 



lim d{gl,gl)=0. 



fc— >oo 



□ 



The next lemma establishes the strong correspondence between L^- and w-convergence 
within amenable subsets. 

Lemma 4.36. Let U (Z M. he amenahle, and let g G lA^ . Then for any sequence {gk} 
in U that L"^ -converges to g, there exists a suhsequence {gki} that uj-converges to g. 

In particular, for any element g G lA^ , we can always find a sequence in lA that hoth 
L^- and u-converges to g. 

Proof. Let {gk} be any sequence L^-converging to g G U^. Then g together with any 
subsequence of {gk} already satisfies properties ([T]) and ^ of Definition 4.5 This is clear 
from Theorem 3.15 and Definition 3.10 of an amenable subset. (Property ^ is empty 
here, as {gk} has empty deflated set by the definition of an amenable subset.) Since {gk} 
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3.15 it is also easy to see that there is a subsequence {gkm} of 



is d-Cauchy by Theorem 
{gk} satisfying property (4j) of oj-convergence. 

To verify property ([3), note that L^-convergence of {g/t,,,} implies that there exists a 
subsequence {gki} of {gkm} that converges to g a.e. (Cf. Remark 4.34 ) □ 



Given the results that we have so far, we can give an alternative description of the 
completion of an amenable set using (^-convergence instead of L^-convergence. 

Proposition 4.37. Let U C Ai be an amenable subset. Then the completion U of 
U as a metric subspace of Ai can be identified with , the completion oflA, using 
uj- convergence. That is, there is a natural bisection between lA and given by identifying 
each equivalence class of Cauchy sequences [{gk}] with the unique element ofU^ that they 
LO-subconverge to. 



Proof. The existence result — Theorem 4.20 — the first uniqueness result — Theorem 



4.31 — and Proposition 4.35 together imply that for every equivalence class [{^a:}] of d- 
Cauchy sequences in lA., there is a unique L? metric goo G such that every representative 
of [{gfc}] w-subconverges to goo and that the representatives of a different equivalence class 
cannot also w-subconverge to goo- This gives us the map from lA to lA^ and shows that 



it is injective. Furthermore, by Lemma 4.36 there is a sequence in lA w-subconverging to 
every element of lA^. Thus, this map is also surjective. □ 

With this identification, we can define a metric on lA^ by declaring the bijection of the 
previous proposition to be an isometry. The result is the following: 

Definition 4.38. Let lA be an amenable subset. By du, we denote the metric on the 
completion ollA, which we identify with the L^-completion lA^ via Proposition 4.37 Thus, 



for go,gi G lA and any sequences g^ 



90, 9 k 



gi, we have 



du{go,gi) = lim d{gl,gl). 

fe^oo 

Note that by the preceding results, we can equivalently define du by assuming that {g^} 
and {gl} L^-converge to go and gi, respectively. 

The next lemma shows that the metric du is nicely compatible with the metric d. 

Lemma 4.39. LetlA <Z M. be amenable, and suppose go,gi G lA and g2 G lA^. Then 

(1) d{go,gi) =du{go,gi), and 

(2) d{go,gi) < du{go,g2) + du{g2,gi)- 

Proof. Statement (1) is true simply by the definition of dy. Statement (2) is proved 
by applying statement (1) and the triangle inequality for dy- □ 



With a little bit of effort, we can use previous results to extend Proposition 4.1 



statement about to the completion of an amenable subset. We first prove a very 
special case in a lemma, followed by the full result. 

Lemma 4.40. LetlA be any amenable subset and g^,g^ £ lA. Let C{n) be the constant 
of Proposition and let E <^ M be measurable. Then 



du{g\ X{M \ E)g'^ + x{E)g^) < C(n) (y/Vol{E,gO) + ^/\o\{E,g 



Proof. For each A; G N, choose closed subsets Fk and open subsets Uk such that Fk ^ 
EC.Uk and Vol(C/fc, (7) — \o\{Fk,g) < 1/k. Furthermore, choose functions fk G C°°{M) 
satisfying 

(1) < fkix) < 1 for ah xGM, 

(2) fk{x) = 1 for X G Ffc and 

(3) fk{x) = for X Uk. 
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Then it is not hard to see that the sequence defined by 

Qk := (1 - + fkg^ 

L^-converges to \ E)g^ + x{E!)g^, so in particular 
(4.17) 

Furthermore, since and all gi^ are smooth, Proposition |4 . 1 1 gives 
(4.18) d{g^,gk) < C{n) ( y^Yol{Uk, g^) + V^ol{Uk,gk) 



du(g\ xiM \ E)g'' + xiE)g') = Hm gk). 

k—>oo 



By our assumptions on the sets U^, it is clear that Vol{Uk, g^) Yol{E,g^). So if we can 
show that Vol{Uk, gk) ^ol{E,g^), then (4.17) and (4.18) combine to give the desired 
result. 

Now, because g^ = g^ on F^, we have 



Vol([/fc,5fe) 



Uk\Fk 



The first term converges to Yol{E,g^) for A; ^ cxd by the definition of F^. We claim that 
the second term converges to zero. Note that since the bounds of Definition 3.10 are 



pointwise convex, we can enlarge U to an amenable subset containing g^ for each A; G N. 
(By the definition, each g^ is, at each point x G M, a sum (1 — s)g^{x) + sg^{x) with 
< s < 1.) Therefore, by Lemma 3.12 there exists a constant K such that 



< K. 



But using this, our claim is clear from the assumptions on Uk and Fk- 



□ 



Theorem 4.41. LetU he any amenable subset with L"^ -completion . Suppose that 
go,gi G U^, and let E := carr(5i — go) = {x G M | go{x) 7^ gi{x)}. Then there exists a 
constant C{n) depending only on n = dimM such that 

duigo, gi) < C{n) (VVol(i^,5o) + V^ol{E,g,) 
In particular, we have 

diam^^ {{geU'^l \o\{M,g) < 6}) < 2C{n)^. 



Proof. Using Lemma 4.36, choose any two sequences {g^} and {g^} in U that both 



L - and cj-converge to go and gi , respectively. Then by the triangle inequality and Lemma 



439)0, for each A; G N, 
(4.19) duigo, gi) < du{go,gk) + d{gl,gl) + du{glgi). 



By Theorem 3.15, the first and last terms above approach zero as k 
we claim that the middle term satisfies 



00. Furthermore, 



hm d{glgl) < C(n) UYoI{E , go) + V^oliE , g^] 

k^oo \ 

which would complete the proof. 

By the triangle inequality (|2| of Lemma |4.39[ we have 

(4.20) d{gl gl) < du{gl, x{M \ E)gl + x{E)gl) + du{x{M \ E)gl + x{E)glgl). 

By Lemma |4.40[ the first term of the above satisfies 

du{gl, X(M \ E)gl + x{E)gl) < C7(n) (^/vdUE^) + ^\o\[E,gl) 
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Applying Theorem |4.23| allows us to conclude 



lim du{gl X{M \ E)gl + x{E)gi) < C{n) ^\o\{E,go) + ^\o\{E,gi)) . 



Therefore, if we can show that the second term of (4.20) converges to zero as k ^ oo, 
then we will have the desired result. But {5^} L^-converges to go and {5^} -L^-converges 
to gi. Additionally, \E)go = x{M \E)gi. Therefore, 

hm x{M \ E)gl = x{M \ E)go = x{M \ E)g^ = lim x{M \ E)gl 

fc— >oo fc— >oo 

where the limits are taken in the topology. This implies that, again in the topology, 

hm (x(M \ E)gl + x{E)gl) = lim gl 

fc^oo fc^oo 



By Definition 4.38 then, 

lim duixiM \ E)gl + x{E)glgl) = 0, 
which is what was to be shown. □ 

Next, we need another technical result that will help us in extending the second unique- 
ness result from amenable subsets to all of M . 

Proposition 4.42. Say go £ M and h £ S, and let E O M be any open set. Define 
an tensor gi G by gi := g^ + , where := x{E)h. Assume that we can find 
an amenable subset lA such that gi £ lA^ . Finally, define a path gt of metrics by 
gt ■.= go + th^, t£ [0,1]. 

Then without loss of generality (by enlarging lA if necessary), gt G lA^ for all t, so in 
particular du {go, gi) is well-defined. Furthermore, 

(4.21) du{go,gi)<L{gt):= [ \\h'>\\g,dt, 

Jo 

i.e., the length of gt, when measured in the naive way, bounds du{go,gi) from above. 
Lastly, suppose that on E, the metrics gt, t G [0, 1], all satisfy the bounds 

\{gt\,{x)\<C and \'^Jx)>5 

for some C, (5 > 0, all 1 < i, j < n and a.e. x G E. (That this is satisfied for some C and 
5 is guaranteed by gt G U^.) Then there is a constant K = K{C, 5) such that 

du{go,gi) < K\\h^\\g. 

Proof. The existence of the enlarged amenable subset lA is clear from the construction 
of gt. So we turn to the proof of (4.21 ). 

Let any e > be given. By Theorem |3.15 we can choose 6 > such that for any 
go,gi G lA, \\gi - go\\g < 6 implies d{go,gi) < e. 

Next, for each A; G N, we choose closed sets Fj. E and open sets Uk 71 E with the 
property that Vol(C/fc,g) — \o\{Fk,g) < l/k. Given this, let's even restrict ourselves to k 
large enough that 

(4.22) \\x{Uk\Fk)h\\g<mm{S,e}. 

We then choose fk G (7°°(M) satisfying 

(1) /fc(x) = lifxGFfc, 

(2) /fc(x)=Oifx0C/fcand 

(3) < fk{x) < 1 for ah xGM, 
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The first consequence of our assumptions above is 

(4.23) 1151 - (90 + fkh)\\g < WxiUk \ Fk)h)\\g < 5. 

The second inequality is ( 4.22[ ), and the first inequality holds for two reasons. First, on 
both Fk and M \ Uk, go + fkh = go + x{Fk)h = gi- Second, on Uk \ Fj,, gi - {go + f ^h) = 
(1 ~ fk)h, and by our third assumption on /fc, < 1 — < 1. Now, inequality ( 4.23| ) 
allows us to conclude, by our assumption on 6, that 

(4.24) du{go + fkh,gi) <e. 
Since by the triangle inequality 

du{go,gi) < du{go,go + fkh) + du{go + fkh,gi) < du{go,go + fkh) + e. 



we must now get some estimates on du{go,go + fkh) to prove (4.21). 

To do this, define a path g^ in Ai, for t G [0, 1], by g^ := go + tf^h. Then we have, as 
is easy to see. 



(4.25) 



d{go,go + fkh) < L{g- 



fwfkhW 

Jo 



9t 



dt 



This is almost what we want, but we first have to replace f^h with h? = x{F)h. Also note 
that the L? norm in (4.25) is that of g^. To put this in a form useful for proving (4.21), 
we therefore also have to to replace g^ with gt. 

Using the facts that on i^^, fkh = h^ and g^ = gt, as well as that /fc = on M \ f/^, 
we can write 



WfkhWl, 



(4.26) 



9t 



M 



tiV iifkh)'^) u 



tr,, {(hy) + /_ _ tr^. {{fkh)') IJigU 



Uk\Fk 



For the first term above, we clearly have 



(4.27) 



tr,, ((/i0)2) < \\H 



0||2 

gf 



As for the second term, it can be rewritten and estimated by 



Uk\Fk 



iigu {{fkh)') ijigu = \\x{Uk \ Fk)fkh\\gu < \\x{Uk \ Fk)h\\gu, 



^gt 



gt 



'St 



where the inequality follows from our third assumption on fk above. Now, recall that gt is 
contained within an amenable subset lA. It is possible to enlarge lA, without changing the 
property of being amenable, so that lA contains gt for all t G [0, 1] and all A; S N. (That 
the enlarged subset satisfies bounds as in Definition 3.10 is clear from the corresponding 
bounds on go and gt, and the fact that they are convex, pointwise conditions — cf. part (|4]) 
of Remark 3.11 ) Therefore, by Lemma 3.13 there exists a constant K' = K'{go,gi) — i.e.. 



K' does not depend on k — such that 



x{Uk\Fk)h\\g, < K'\\x{Uk\Fk)h\\g. 



But by ( |4.22[ ), we have that \\x{Uk \ Fk)h\\g < e. Combining this with ( |4.26[ ) and ( |4.27[ ), 
we therefore get 

12 /n.0,|^^+^/^_ 



WfkhWl, < \\h^ 



The above inequality, substituted into ( 4.25[ ), gives 

d{go,g'i)< [\\\hX,+K'e) dt = L{gt) + K'e. 
Jo 
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The final step in the proof is then to estimate, using the above inequality and (4.24), that 
du{gG, 9i) < d{go, gi) + du{gf,gi) < L{gt) + (1 + K')e. 



Since e was arbitrary and K' is independent of k, we are finished with the proof of (4.21 1 



Finally, the third statement follows from the following estimate, which is proved in 



exactly the same way as Lemma 3.13 
11/1° 



\9t 



\g- 



□ 



With Theorem 4.41 and Proposition 4.42 as part of our toolbox, we are now ready to 



take on the proof of the second uniqueness result in its full generality. 

So let two d-Cauchy sequences {g^} and {gl}, as well as some goo G A^/, be given. 
Suppose further that {g^} and {gl} both w-converge to ^foo for k oo. We will prove 
that 



(4.28) 



hm d{glgl)=0. 



The heuristic idea of our proof is very simple, which is belied by the rather technical nature 
of the rigorous proof. The point, though, is essentially that for all / G N, we break M up 
into two sets, Ei and M\Ei. The set Ei has positive volume with respect to ^oo, but {ff^} 
and {g\} L^-converge to g^o on Ei, so the contribution of Ei to d{g^,g\) vanishes in the 
limit k — > oo. The set M\Ei contains the deflated sets of {g^} and {g\}, so the sequences 
need not converge on M\Ei. However, we choose things such that Yol{M\Ei, g^o) vanishes 
in the limit I 

d{g^,gl.) vanishes after taking the limits k 



oo, so that Proposition 4.1 implies that the contribution oi M \Ei to 

oo and I 



oo m succession. 

The rigorous proof is achieved in three basic steps, which we will describe after some 
brief preparation. 
For each / e N, let 



(4.29) Ei:= {x£M 



1 



delgl{x) > y, \{gl)rs{x)\ < / Vi = 0, 1; A: € N; l<r,s<n 



where these local notions are of course defined with respect to our fixed amenable atlas 



(cf. Convention 2.53), and the inequalities in the definition should hold in each chart 
containing the point x in question. Thus, Ei is a set over which the sequences g^ neither 
deflate nor become unbounded. We first note that for each /c £ N, there exists an amenable 
subset Uk such that the metrics 

gl and gl + x{Ei){gl-gl) 



gl, 



are contained in Uj^. This is possible due to smoothness of g^ and gj., as well as pointwise 



convexity of the bounds of Definition 3.10 



The steps in our proof are the following. We will show first that 



(4.30) 

for all fixed I £ N. Second, 



lim du,{glgk + x{Ei){gl - gl)) = o 



(4.31) 



lim du^{gl + x{Ei){gl 



gl) 



gl) 



<2C{n)^Yo\{M\Eugoo) 

K — S-OO 

for all fixed k gN (where C(n) is the constant from Theorem 4.41). And third. 



(4.32) 



lim Vol(^z,5oo) = Vol(M,5o 



l—*oo 



Since the triangle inequality of Lemma 4.39[ 2) implies that 

d{gl,gl) < du,{glgl + x{Ei){gl - gl)) + du,{gl + x{Ei){gl - gl),gl) 
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for all / G N, taking the limits k ^ oo followed by Z ^ cxd of both sides then gives (4.28). 
We now prove each of (4.30), (4.31) and (4.32) in its own lemma. 

Lemma 4.43. 

hm du,{glg'k + x{m9i-9k)) = 

fe— >oo 



Proof. We know that 



glgt + xiEi){gl-gl)GUl, 



where is an amenable subset. Therefore, for each fixed /c G N, Proposition 4.42 applies 
to give 



(4.33) 



duM,9l + x{Ei){gi - gl)) < KiUmiol - 91)%^ 



where Ki is some constant depending only on /. (That the constant only depends on I is 
the result of the fact that g^ and g\. satisfy the bounds given in (4.29) on Ei, which only 
depend on L) 

Now, recalling the definition ( |4.29 ) of Ei^ we note that for all 1 < i,j < n and all 
A; G N, we have \{gl)ij{x) — {gk)ij{^)\ ^ 4/^ for x & Ei, and hence the family of (local) 
functions 

{x{Ei){{gl)^j - (gX) \l<iJ<n, kG N} 

is equicontinuous at 0. Furthermore, since property ^ of Definition 4.5 implies that 
x{Ei)g^ x {Ei)goo a.e. for a = 0, 1, we have that x{Ei){g\ - g^) ^ ^ a.e. Therefore, 
Remark |4.34| implies that 



\x{Ei){gl-gl)\\, 







for /c — > oo. Together with (4.33), this implies the result immediately. 
Lemma 4.44. 



□ 



lim du,{gl + x{Ei){gi - gl),gl) < 2C{n)^\o\{M \ Ei,g, 



fc— >oo 



Proof. First note that gl = g^ + x{Ei){g\ — g^) on £'/. Therefore, by Theorem 
duM + xiEi)igl - gl),gl) < C(n) (y/vol{M\E^) + ^Vol{M \ Ei, gl)) . 



4.41 



But now the result follows immediately from Theorem 
Vol{M\Ei,g^) for i = 0,1. 



4.23 



since Vol(M \ Ei,g^ 



□ 



Lemma 4.45. 



lim Vol(£';,5'o 

/— >oo 



Vol(M,5o 



Proof. Recall that Xg^ C M denotes the deflated set of goo, i-e., the set where goo 
is not positive definite. This set has volume zero w.r.t. goo, since fig^ = a.e. on Xg^. 
Therefore Vol(M, goo) = Vol(M \ Xg^,goo). 

We note that x{Ei) converges a.e. to x{M\Xg^) and that x{Ei){x) < 1 for all x G M. 
Since goo has finite volume, the constant function 1 is integrable w.r.t. Hg^, and therefore 
the Lebesgue dominated convergence theorem (Theorem 2.14) implies that 



limVol(E;,5oo)= lim / x{Ei) fig^ = [ x{M \ XgJ fig^ = \ol{M \ Xg^, go 



□ 



As already noted. Lemmas 4.43 4.44 and 4.45 combine to give the desired result. We 
summarize what we have just proved in a theorem. 
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Theorem 4.46. Let [goo] G A4j. Suppose we have two sequences {g'^} and {g^} with 
al^al boo] for k ^ oo. Then 

lim d{gl,gl)=0, 

fe^oo 

that is, {g1} and {g^} are equivalent in the precompletion M^^^ of M. 

As we have already discussed, combining this th eorem with the existence result (The- 



orem 



4.27) and the first uniqueness result (Theorem 4.31 ) gives us an identification of M. 
with a subset of A^j. We summarize this in a theorem: 

Theorem 4.47. There is a natural identification of M, the completion of M, with a 
subset of Mf, the measurable semimetrics with finite volume on M modulo the equivalence 
given in Definition \4-4\ 

This identification is given by an injection ^ : M ^ Aif, where we map an equivalence 
class [{gk}] of d-Cauchy sequences to the unique element of Mf that all of its members 
oj-subconverge to. This map is an isometry onto its image if we give O(A^) the metric d 
defined by 

<?(N, bi]) := lim d{gl,gl) 

k—>oo 

where {g^} and {gl} are any sequences in Ai u- converging to [go] and [gi], respectively. 

This is an extremely useful theorem, as it allows us to drop the distinction between an 
w-convergent sequence and the element of A4f that it converges to. By Lemma [4. 6 [ we can 
even identify an w-convergent sequence with any representative of the equivalence class in 
Mf that it converges to. From now on, we will employ this trick to simplify formulas and 
proofs. 

Our job in the next chapter will be to show that the identification described in Theorem 
is actually a surjection. This will allow us to identify M with the space itself. 



4.47 



instead of just a subset thereof. In doing so, we will prove the main result of this thesis. 



CHAPTER 5 



The completion of A4 

In this chapter, our previous efforts come to fruition and we are able to complete our 



description of A4 by proving, in Section 5.4 that the map 0, : Ai — > 7W/ defined in the 
previous chapter is a bijection. 



To prepare ourselves for this proof. Section 5.1 first looks at a simpler example of 
a completion, namely that of the orbit space of the conformal group — a submanifold 
of A4 that we first encountered in Section |2.5[ This example is not just illustrative of 
our situation — formally it is extremely similarly to our proof of the surjectivity of 
though the latter is, of course, significantly more challenging technically. Nevertheless, 
the computations of this example will be directly employed in the surjectivity proof. 

Section [5 . 2| provides some necessary preparation for the surjectivity proof by going into 



more depth on the behavior of volume forms under cj-convergence. After this. Section 5.3 



presents a partial result on the image of Namely, we s how that all equivalence classes 



of measurable, bounded semimetrics (cf. Definition 2.57) are contained in ^{Ai). This 



marks the final preparation we need to prove the main result. 



5.1. Completion of the orbit space of V 

For our fixed but arbitrary metric g G 7W, consider the orbit space V ■ g. (Later we 
will consider this space for other metrics g £ Ai rather than just our fixed g. But since g 
was chosen arbitrarily, anything we prove about V ■ g will hold for V ■ g as well.) Recalling 
that V is the Frechet Lie group of smooth, positive functions on M, we see that the orbit 
consists of metrics of the form pg, where p is a positive function. As we have already 



seen in Subsection 2.3.3 since V is an open subset of C°°{M), each tangent space to V ■ g 



is canonically identified with C°°{M) ■ g, the set of what we called pure trace tensors. 



By Proposition 2.45, there is an open set U C C°°(M) with the property that the 
exponential mapping exp^ is a diffeomorphism between the set U ■ g and V ■ g. For 
convenience, we define a mapping 

ip-.U ^V-g 

(5-1) . n ^ 



A ^ exj)g{Xg) = + ^Aj g. 

Note that tp is not an isometry on radial geodesies, since the norm induced by g on 
functions is a non-unit scalar multiple of the norm induced by g on pure trace tensors: 



{i^gAg)g= j ti'g((K5r)(A5r))/ig = / KXti{I) fXg = n KXng = n{K,X)g, 

JM JM JM 

where we have denoted the nx n identity matrix by /. By the above, if we define a radial 
geodesic by gt = tp{tX) for t £ [0, 1], then we get L{gt) = \\Xg\\g = ^||A||g. 

We can even determine the set U explicitly. Let A G C°°{M). Algebraically, we could 
define ^ for any such A, but if we want ^{X) to be a metric, we must at least require that 
A(x) 7^ — ^ for all x E M. Furthermore, since ip is defined using exp^, we should have that 
if ?/'(A) is defined, then ip{tX) is defined (and is a metric) for t G [0, 1]. This rules out the 
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possibility that X{x) < — ^ at some point x G M, so we see that 



(5.2) 



U 



A G C°^(M) 



A(x) > for all X G M 

n 



By Proposition 2.42 V ■ g is flat. In the case of a strong Riemannian Hilbert manifold, 
as in the case of a finite-dimensional manifold, this would imply that exp^ is an isometry, 
and hence that tp is an isometry up to a scalar factor. But since V -g is a weak Riemannian 
manifold, to make this conclusion we would first have to prove such a general result. This 
is not necessary, however, as we can show directly that the desired conclusion holds in our 
case. 

Proposition 5.1. Up to a scalar factor of ^Jn, ip is an isometry. More precisely, if 
d-p.g is the distance function induced onV ■ g as a submanifold of {Ai, (•, •)), we have 

d'p.g{i'{K),i^{X)) = Vn\\X - K\\g 

for all K, X €z U. 

Proof. We first note that V ■ g = V ■ As above, we can find a neighborhood 

V G C°^{M) such that the map 

(5.3) 



exp^(«)(cTV'(K)) = [} + l<^ 



n 



is a diffeomorphism. 

Now Proposition 2.29 implies that dp.g{Tp{K), ipiX)) = ^/n\\lp~^^/J{X)\\g, since the short- 
est path between and ipiX) is the unique radial geodesic emanating from ^p{K) and 
ending at ip{X). Therefore, we must prove that ||(/?~^'i/'('^) llg = ||A — 



We define a := ip ^ip{X). Then ip{a) = ^p{X) implies, by (5.1) and (5.3), that 

9 



/ n 

(i+r 



4 4 

1 + -.1 



9- 



Solving for a gives 

,-V(a) = .= 1((i + 5a)( 

Now, since ^pg = p^^'^fJ-g for any p G V, we have 



n 



1 + -. 



-1 



n 



1 + -K) Pg. 



Using these two equations, we finish the proof with a computation: 



^-V(A)||^(.) = S I ( + 4^) + - 'f^^^^^ 



(5.4) 



16 
16 
16 



M 



n 



1 + -A 1 + -K 



n 



n 

1 + -. 



Pg 



n , 



n 



1 + -K 



Pg 



M 



(A - k)'^ Pg = \\X - 



□ 



Using this proposition, we can immediately determine V • g, the completion of an orbit 
of the conformal group. 
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Theorem 5.2. V ■ g is isometric to the set of tensors of the form pg with p measurable, 
p(x) > a.e., and yol{M,pg) < oo. Equivalently, this set is those metrics pg where 
p G L"/2(M), i.e., f p""/"^ Pg < oo, and p{x) > a.e. 

The distance function onV ■ g is given by d^{pig, p2g) = ^/n\\'^lJ~^{p2g) — 1l>~^{p2g) \\g- 

Remark 5.3. Although L"/^(M) is not a normed space for n = 1, we simply define it 
as the set of measurable functions with integrable square root. 

Proof of Theorem 15.21 Let's look at the first statement. The equivalence of the 
two formulations in the theorem is clear from the fact that ppg = p^/'^pg^ so Vol(M, pg) = 
/ /^ps ~ / P"*^^ ^'^^^ therefore show only the second statement. 

Since ip is an isometry, up to a scalar factor, it is clear that V ■ g = ip{U), where U is 



the open neighborhood on which ■0 is a diffeomorphism. But from (5.2 1 and the fact that 
II • \\g is the norm on functions, we immediately see that 

4 

A(x) > a.e. 

n 



;7 = |A G L\M) 
and therefore 

V^g = m) = Ul + '^^\f g 



A G L2(M), A(x) > a.e. 

n 



If we define p = p{X) := (l + ^A)^^", then it remains to prove that p G L"'^^{M) for any 
A G L^{M). But 

P"^V9=/ (i + jA)%,= / + f / ^1^9 + I ^Vc;- 

The first term in the above expression is finite by compactness of M, and the third is 
finite since A G L^(M). Using this, one can then see the second term is finite by Holder's 
inequality. 

As for the statement about the distance function, this follows from the fact that 
extends uniquely to an isometry (up to the scalar factor yjn) from U to V ■ g. This is 
thanks to statement (|3]) of Theorem 2.1 □ 



This theorem immediately tells us what the completion of ^A is when M is one- 
dimensional — of course, there is only one diffeomorphism class of compact one-dimensional 
manifolds, so in this case M = . The theorem gives us complete information here be- 
cause any smooth metric on can be obtained from the standard metric g by multi- 



plication with a smooth function. Therefore A4 = V ■ g, and Theorem 5.2 immediately 
implies: 

Corollary 5.4. We work over a one- dimensional base manifold M, so that M = . 
Let g be the standard metric on S^. Then 

M = {pg\^/pe L\M,g), p{x) > a.e.} . 

Of course, we still have an infinite number of cases left to deal with if we want to find 
the completion of Ai in arbitrary dimension. We need a few preliminary results in order 
to proceed. 

5.2. Measures induced by measurable semimetrics 



For use in Section 5.4 we need to record a couple of properties of the measure pg 



induced by an element g ^ M-f. 
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5.2.1. Weak convergence of measures. The first property we wish to prove is the 
fohowing. Suppose g £ M.f and {g^} is a sequence cj-converging to g. Furthermore, let 
p £ C^{M) be any continuous function. Then we claim that 

lim \\p\\gk = \\p\\g^ 

k—>oo 

where we recall that for any measurable semimetric g and any function a on M, 

To prove this, we need to introduce the notion of weak convergence (sometimes also 
called weak-* convergence) of Borel measures. We do this in the general setting before we 
apply it to our situation. So let X be a topological space, and denote by Tl{X) the set of 
nonnegative, totally finite measures on the Borel algebra of X. (Recall that a totally finite 
measure is one for which every measurable set has finite measure.) Suppose that our space 
X is completely regular. By this we mean that points and closed sets are separated by 
continuous functions, i.e., given any closed set F C X and any point x ^ F, there exists a 
continuous function f : X ^ M. with /(x) = and /(y) = 1 for all y £ F. Most common 
spaces satisfy this condition; in particular, every topological manifold (and hence our base 
manifold M) is completely regular. In this setting, we can make the following definition. 

Definition 5.5. The sequence {z^fc} C dJt{X) is said to converge weakly to i' £ 9Jt(X) 
if for every bounded continuous function / on X, 



fduk^ f dv. 
X Jx 

To prove that w-convergence of metrics implies weak convergence of the induced mea- 
sures, we need the Portmanteau theorem [52, Thm. 8.1], a portion of which we quote 
here: 

Theorem 5.6 (Portmanteau theorem). Let v be a measure in dJt{X), and let {ffc} be 
a sequence in 9Jt(X) . Then the following conditions are equivalent: 

(1) Vk converges weakly to u, 

(2) lim sup z^fc (-F) = I'^F) for all closed sets F C X, 

With this theorem at hand, it is a simple matter to prove the claim from above. 

Lemma 5.7. Let g £ Aif, and let p £ C^{M) be any continuous function. If the 
sequence {gk} uj-converges to g, then converges weakly to pg, so in particular 

lim llpLfe = \\p\\g- 

fe^oo 



Proof. We wish to apply Theorem 5.6 which refers to Borel measures. According 



to our conventions, the measures pg^ and pg are considered as measures on the Lebesgue 
algebra of M, but since the Borel algebra is a subalgebra of the Lebesgue algebra, we can 
use Theorem |5.6| by simply restricting these measures to the Borel algebra. 



By Theorem 4.23, condition ([2]) of Theorem 5.6 holds. Therefore, pg^ converges weakly 



to /ig, implying the lemma immediately. □ 

5.2.2. L'P spaces. We now move on to the next fact we need. In this subsection, we 
prove that \ig£^Af, i.e., ^ is a measurable, finite-volume semimetric, then the set of C°° 
functions is dense in LP{M, g) for 1 < p < oo, just as in the case of a smooth volume form. 
(Of course, by LP(M, g) we mean those functions on M whose absolute value to the p-th 
power is integrable with respect to pg.) 

To prove this claim, we first prove a statement about measures on M" that is proved 
almost identically to [4, Cor. 4.2.2], where the statement is made for Borel measures. To 
prove it for Lebesgue measures, only one tiny modification is necessary. 
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Theorem 5.8. Let a nonnegative measure u on the algebra of Lebesgue sets in M" 
be bounded on bounded sets. Then the class Co°(M") of smooth functions with bounded 
support is dense in L^iW^, u), 1 < p < oo. 

Proof. By the proof of [H Cor. 4.2.2], if F is any Borel measurable set with z^(-F) < 
oo, then F can be approximated to arbitrary accuracy by sets from the algebra C generated 
by cubes with edges parallel to the coordinate axes. (By this we mean that for any given 
e > 0, we can find a set ^ G C such that v{F \A) + iy{A \F) < e.) 



Now, say that £^ is a Lebesgue measurable set with h'{E) < oo. Then by Lemma 2.13 
E = F U G, where F is Borel measurable and i^(G') = 0. By approximating F with sets 
from C, we can therefore approximate E with sets from C. 

This means that linear combinations of the characteristic functions of sets in C are 
dense in L*'(M",i/). But we can easily approximate such functions by smooth functions 
with compact support — it suffices to be able to approximate any open cube, which is easily 
done. □ 

Now, since any g £ Aif has finite volume, its induced measure fig clearly satisfies the 
hypotheses of the theorem in any coordinate chart. Therefore, we have: 

Corollary 5.9. If g £ Mf, then C°°(M) is dense in LP{M,g). 

5.3. Bounded semimetrics 

ler in our understanding of the injection 17 : 7W — > 



In this section, we go one step furt 
Mf that was introduced in Theorem 



4.47 



Specifically, we want to see that the image 



contains all equivalence classes of bounded, measurable semimetrics (cf. Definition 



2.57D . 

Our strategy for proving this is to first prove the fact for smooth semimetrics by 
showing that for any smooth semimetric go, there is a finite path gt, t £ (0,1], in M 
with limj^o 9t = 9o (where we take the limit in the C°° topology of S). Similarly to the 
constructions in Section [2.1[ it is then simple to construct a sequence {gt^.} from gt such 
that gt^. — > go for k ^ oo. If we simply let be any monotonically decreasing sequence 
converging to zero, then it is trivial to show tij-convergence of this sequence. 

5.3.1. Paths to the boundary. Before we get into the proofs, we put ourselves in 
the proper setting, for which we first need to introduce the notion of a quasi- amenable 
subset. These are defined by weakening the requirements for an amenable subset (cf. Def- 
inition 



3.10), giving up the condition of being "uniformly inflated": 



Definition 5.10. We call a subset U C M quasi- amenable 'dU is convex and we can 
find a constant C such that for all g GU, x £ M and 1 < i, j < n, 

(5.5) \mj{x)\<C. 

Quasi-amenable subsets are bounded subsets of 5, but they can run right up to the 
boundary of as a topological subset of S. We denote this boundary by dAi. Since 
A4 consists of all smooth (0, 2)-tensor fields on M which induce positive definite scalar 
products on T^M at all x E M, we have that each tensor field in dAi induces a smooth, 
positive semidefinite scalar product at each point of M. That is, 

dM = {h £ S \ h ^ M and h{x){X,X) > for ah X £ T^M}. 

So dAi consists of all smooth semimetrics that somewhere fail to be positive definite. 

Let U be any quasi-amenable subset, and denote by cl{U) the closure oiU in the C°° 
topology of S. Thus, cl(U) may contain some smooth semimetrics. 
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L{gt)= C\\9t%,dt= f (f 

(rr rj\ Jo Jo \JA 

(5.7) 



Now, suppose some go S cl(Z^) n dAi is given, and let gi £ U have the property that 
h := gi — gQ £ A4, i.e., that h is positive definite. Exploiting the linear structure of Ad, 
we define the simplest path imaginable from gQ to gi: 

(5.6) gt := go + th. 

Then by the convexity of U, gt is a path (0, 1] ^ U with limit (in the topology of S) as 
t — > equal to ^o- 

Remark 5.11. We make two remarks about this setup: 

(1) Requiring that /i > is a technical assumption that we will use later; we do not 
believe it to be essential to the end result. 

(2) It is not hard to see that any go £ dM is contained in cl(^) for an appropriate 
quasi- amenable subset U. 

Recall that the length of gt is given by 

X 1/2 

t%((fi'0^)M<?t dt 

M J 
\ 1/2 

tr3,(/i2)v^det(<7-i gt) iig ) dt 
\Jm J 

To prove that gt is a finite path, we must therefore estimate the integrand, 

trg,(/i2)v^det(5-i5t)- 

This will follow from pointwise estimates combined with a compactness/continuity argu- 
ment. 

5.3.2. Pointwise estimates. Let A = (fljj) and B = (6jj) be real, symmetric n x n 
matrices, with At := A + tB for t G (0, 1]. We will assume that B > and that A>0. (In 
this scheme, A and B play the role of go{x) and h{x), respectively, at some point x G M.) 
Furthermore, we fix an arbitrary matrix C that is invertible and symmetric (this plays the 
role of g{x)). 

Therefore, to get a pointwise estimate on trgj(/i^)y^det g~^gt, we need to estimate 
tiAt det{C~^At). We prove the desired estimate in three lemmas. 

For any symmetric matrix D, let A^jj^ = Af < • • • < = A^^x t)e its eigenvalues 
numbered in increasing order. 

Lemma 5.12. 

min — '^min ~^ "''^min 

A At A A _i_f\B ^ \A I A S 

'^max — '^max ~r '''^max — '^max ~r ^max 

Proof. By Lemma |2.10[ the function mapping a self-adjoint matrix to its minimal 
(resp. maximal) eigenvalue is concave (resp. convex). This, combined with the facts that 
-^max > (since B > 0) and t < 1, gives the result immediately. □ 

Lemma 5.13. 

tr^, (B^) VdetC-Mi < ^(^max) (A;^ix) ' 

Proof. We focus on the trace term first. Note 

tTAAB')=tv({A^'B) 
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Since -B is a symmetric matrix, there exists a basis for which B is diagonal, so that 
B = diag(Af , . . . , A,^). In this basis, if we denote A'/'^ = (a/), then we have 



(5.8) 



tv({A^'B) 



<(Al.)^E 



(Alx)'trK-2) 



where the second hne follows from symmetry of ^ and the last line follows from 



tr (.4,- 



Now, recall from the discussion in the proof of Lemma 2.35 that the trace of the square 
of a matrix is given by the sum of the squares of its eigenvalues. Therefore, 



(5.9) 



tr {a; 



E 



-2 



< n A 



-2 



This takes care of the trace term. 

For the determinant term, we clearly have 



(5.10) 



det Af 



— min v max/ 



n-1 



Combining equations (5.8), (5.9) and (5.10) with the estimate of Lemma 5.12 



now imme- 
□ 



diately yields the result. 

Since ^ > 0, we know that Aj^;^ > 0. Therefore we can also immediately write the 
estimate of Lemma 5.13 in a weaker, "worst-case" form: 

Lemma 5.14. 

tr^, (5^) \/det C- 



'At< 



(Amax) (Amax) 



2 



1 



Vd^ (A^i J 



3/2 ^3/2 



5.3.3. Finiteness of L{gt). We want to use the pointwise estimate of Lemma 5.14 
to prove the main result of the section. 

It is clear that to pass from the pointwise result of Lemma 5.14 to a global result, we will 
have to estimate the maximum and minimum eigenvalues of /i, as well as the maximum 
eigenvalue of gt- We begin by noting that since we work over an amenable coordinate 
atlas (cf. Definition 2.52), all coefficients of h, g and go are bounded in absolute value. 
Therefore, so are their determinants. In particular, since g > and /i > 0, we can assume 
that det g > Cq and Ci > det h > C2 over each chart of the amenable atlas for some 
constants Cq, Ci, C2 > 0. 

Lemma 5.15. The quantities AJ^^^ ^^'^ ASax, as local functions on each coordinate 
chart, are uniformly bounded, say AJ^^xC^) ^ C's and Xma.x{x) < C4 for all x and t. 



Proof. Recall the formula (2.13) for the maximal eigenvalue of a symmetric matrix. 
If ((•, •)) is the Euclidean scalar product in a chart around the point x £ M, then 



Amax(2;) = max {{v,h{x)v)) 

{{v,v))=l 



and 



A^* 

''max 



(x) = max {{v,gt{x)v)) 

{{v,v))=l 
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Keep in mind that we work over an amenable atlas and that the unit sphere in each 
T^M (with respect to the Euclidean scalar product ((•, •))) is compact. Since h is continuous 
and gt &U for all t G (0, 1] we can find some constant that bounds \hij[x)\ and \{gt)ij{x)\ 
uniformly for all x G Af, all 1 < i, j < n, and all t G (0, 1]. 

From this uniform bound, it is easy to see that there are constants C3 and C4 such 
that 

{{v,h{x)v)) <C3, {{v,gt{x)v))<Ci 
for all X G M, t G (0, 1] and v G TxM with {{v,v)) = 1. Since passing to the maximum 
preserves these inequalities, we get the desired bounds on the eigenvalues. □ 

Lemma 5.16. The quantity A^^j^^, as a function over each coordinate chart, is uniformly 
bounded away from 0, say > C5 > 0. 

< be the eigenvalues of h{x) listed in 



Proof. Letting as usual \\{x) < 
increasing order, we have 

deth{x) = X'lix)-- 

Therefore, by Lemma |5 . 1 5| and the discussion before it. 



Xnix) < Aj^jn(x)A^a_x(2;) 



n-1 



ALn(^) > ALx(^)'~"det/i(x) > =: C5 



□ 



Theorem 5.17. Define a path gt as in (5.6). Then 



L{gt) < 00. 
Proof. At each point x G M we have 



ti'gt(x)(^(a:^)^)\/det(c/(x) ^gt{x)) < 



(5.11) 



^(ALx(^))'(ASax(a:)) 

3/2 t3/2 



2 1 



< 



1 Ce 



^ '^3 ^ 2 

■ 4 ^3/2 • ^3/2 



where the first inequality follows from Lemma 5.14 and the second line follows from the 



discussion before Lemma 5.15 as well as Lemma 5.15 itself and Lemma 5.16 
By the integrability ofT^^, then, 

Lim) = [ ( [ trg^(^x){h{xf)^/det{g{x)-'^gtix))fJ.g^ dt 



\Jm 
1 



1/2 



dt = ^CQ\o\{M,g) I ^dt<^. 



1 



□ 



5.3.4. Bounded, nonsmooth semimetrics. We now move on to showing that the 
equivalence class of any bounded semimetric, not just smooth ones, is contained in 
The results we've just proved will come in handy. 

Let's review what we already know about the image of 0,. From Proposition 4.37[ we 
know that the completion of an amenable subset U can be identified with its L^-completion 
U^. So the equivalence class of any measurable metric that can be obtained as the limit 
of a sequence of metrics from an amenable subset belongs to 0(7W). Furthermore, as we 



noted in the introduction to this section, it is easy to see that Theorem 5.17 implies that 



for any smooth semimetric g, there exists a sequence in Ai that w-converges to g. Thus 
[g] also belongs to ^{M). 



Recall that by the discussion following Theorem 4.47 it is not necessary to distinguish 
between equivalence classes in 0,(A4) (or individual semimetrics that represent them) 
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and sequences in Ai that w-converge to them — i.e., points of Ai. Thus, for the types of 
(semi) metrics hsted in the last paragraph, we will continue to drop this distinction in what 
follows — expressions like d{gQ,gi) are well-defined even when qq and gi are not smooth 
metrics, as long as we have [qq], [gi] G 17 (A^). 

We will achieve our goal in this section essentially through studying the completion 



of a quasi-amenable subset (cf. Definition [5.10 ) analogously to the methods we used for 
amenable subsets in Section I 



To begin with, we want to prove a result about quasi-amenable subsets that is a 



generalization of Theorem 3.15 That result was for amenable subsets, and so we expect 
the result for quasi- amenable subsets to be weaker. This is indeed the case, but before we 
can prove the larger result, we first need to prove a couple of lemmas. 

Lemma 5.18. Let U C M be quasi-amenable. Recall that we denote the closure of lA 
in the C°° topology of S by cl{U), and we denote the boundary of Ai in the C°° topology 
of S by dM.. Then for each e > 0, there exists 5 > such that d{go,go + 6g) < e for all 
go £ cl(U)ndM. 

Proof. For any go G cl{U) n dM., we consider the path gt := go + th, where h := 6g 



and t G (0,1]. The proof consists of reexamining the estimates of Theorem 5.17 and 
showing that they only depend on upper bounds on the entries of go (and g, but we get 
these automatically when we work over an amenable atlas), and that the bound on the 
length of gt goes to zero as 5 ^ 0. 

So, recall the main estimate (5.11 ) of Theorem |5. 17 



tu /TTTT^^r^^/ ^(ALx(a^))'(ASax(a:))"^^ 1 
{h{x) Vdet(c/(x ^gt{x)) < ^37^^- 



tr 



9t{x) 



Since det g'(x) is constant w.r.t. 5, we ignore this term. By Lemma 5.12 



where the final inequality follows since the eigenvalues of 5g{x) are clearly just 6 times 



the eigenvalues of g{x). Therefore, using the same arguments as in Lemma 5.15 Amax(a;) 
is bounded from above, uniformly in x and t, by a constant that decreases as 5 decreases. 
Furthermore, this constant does not depend on our choice of £ c\{U) n dAi, since 



the proof of Lemma 5.15 depended only on uniform upper bounds on the entries of go, 
and we are guaranteed the same upper bounds on all elements of c\iJA) H dAi since lA is 
quasi- amenable. 

We now focus our attention on the term 

(ALx(x))' ^ (a^ax(x))^ ^ JA|ax(x))^^ 
{^t^{^)f'" iS^Lni^)f" i>^Lni-)f" 

This expression clearly goes to zero as 5 ^ 0. Therefore, we have shown that the constant 



Cq in the estimate (5.11) depends only on the choice of U and 6, and that Cg ^ as 



5^0. The result now follows. □ 

The next lemma implies, in particular, that dAi is not closed in the topology of S, 
nor is it in the topology of d on 0,{Ai). It also implies that around any point in Ai, there 
exists no L^- or d-open neighborhood. 

Lemma 5.19. Let U £ Ai be any quasi- amenable subset. Then for all e > 0, there 
exists a function G C°°(M) with the properties that for all gi G U, 

(1) p,gi G dAi, 

(2) p^{x) < 1 for allxe M, 

(3) ll^i - PeQiWg < S and 
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(4) d{gi,pegi) < e. 



Proof. Let xq £ M he any point, and for each n G N, choose a function p„ G C°°(M) 
satisfying 

(1) pn{xo) = 0, 

(2) < pn{x) < 1 for all X G M and 

(3) /On = 1 outside an open set Zn with Vol(Z„,g) < 1/n. 

Then clearly 11(71 — Pudillg — > as n — > oo, and this convergence is uniform in gi because 
of the upper bounds guaranteed by the fact that gi gU. 

Furthermore, if we estimate the length of the path g^- := pngi + t{gi — pngi), there 
will be no contribution to the integral from points of M \ Z^, and on Zn, we can find a 



constant Cq as in (5.11) that does not depend on n, simply by assuming the worst case 
that pn = on Z„ for all n. Furthermore, Cq does not depend on gi, just on the choice of 
U, by the same arguments as in the proof of Lemma [5.18 
Therefore we get that 

L{g^) < y/CeVoHzZg) f' ^tj dt < J ^ [' ^ dt, 



which converges to zero as n 



1 9e f J_ 

Jo m -y^jo 

oo. Choosing n large enough completes the proof. 



□ 



The next theorem is the desired analog of Theorem 3.15 Note that only one half of 



Theorem 3.15 holds in this case, and even this is proved only in a weaker form. 



Theorem 5.20. Let U d M he quasi- amenable. Then for all e > 0, there exists 5 > 
such that if go,gi G cl{l{) with \\gQ — gi\\g < 5, then d{go,gi) < e. 

In particular, d is uniformly continuous in the topology of A4 when restricted to 
cl{l/(), and if (p '■ {cl{U), \\ ■ \\g) (cl(Z^),d) is the identity mapping on the level of sets (i.e., 
4>{g) = g), then (j) is uniformly continuous. 

Proof. First, we enlarge U if necessary to include all metrics satisfying the bound 



given in Definition 5.10 This enlarged U is then clearly convex by the triangle inequality 
for the absolute value, and hence it is still a quasi-amenable subset. 

Now, let e > be given. We prove the statement first for go,gi G cl(Z^) n dM., then 
use this to prove the general case. 

By Lemma 5.18, we can choose 6i > such that d{g,g + 6ig) < e/3 for all g G 



cl{U) n dAi. We define an amenable subset of ^A by 

W := {g + 6ig\geU}. 
This set is, indeed, amenable, since for each x G M, Lemma |2. 10 implies that 



3.15 



there exists 6 > such that if go,gi G W with ||^o — gi\\g < S, 

< 5. If we define 



Now, by Theorem 

then d{go,gi) < e/3. Let go,gi G cl{l{) n dM. be such that \\gQ — gi\ig 
gi '■= di + ^19 for i = 1, 2, then it is clear that H^o — 9i \\g = llffo — 9i \\g < ^- Given this and 
the definition of 5i , 



we have 

d{go,gi) < d{go,go) +d{go,gi) + d{gi,gi) 



< e. 



Now we prove the general case. Let e > be given. By the special case we just 
proved, we can choose 5 > such that if go,gi G c\{U) n dM. with ||^o — 9i\\g < ^i then 
d(50)5i) < e/3- Let go,gi G W be any elements with \\gQ — gi\\g < 5. By Lemma 5.19 and 
our enlargement oiU, we can choose a function p G C°°(M) such that for i 

(1) pgi G d{U)ndM, 

(2) p{x) < 1 for all x G M, and 

(3) d{gi,pgi) < e/3. 



0,1, 
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(If Qi G cl(Z//)nOA4 for both i = 1 and 2, we might as well just choose p = 1.) In particular, 
the second property of p implies that 

\\pgi - pgoWg < \\gi - goWg < 5. 

Then we immediately get 

d{go,gi) < d{go,pgo) + d{pgo,pgi) +d{pgi,gi) < e. 
This proves the general case and thus the theorem. □ 
Remark 5.21. Let's take a brief moment to discuss why only one half of Theorem 



3.15 holds for quasi-amenable subsets. The problem is that the determinants of elements 
of a quasi-amenable subset need not satisfy any uniform lower bounds. Hence two metrics 
go and gi from a quasi-amenable subset can differ greatly with respect to || • \\g, yet do so 
only on a subset of M that has small volume with respect to go and gi themselves. In this 



situation. Proposition 4.1 implies that d{go,gi) will also be small. So we cannot say that 



gi — goWg is small whenever d{go,gi) is, and something like statement ([2]) of Theorem 



3.15 cannot hold for quasi- amenable subsets. 



With the above theorem at hand, it is now possible to obtain the information on 
that we desired. First notice that a bounded semimetric is precisely a semimetric that can 
be obtained as the limit of a sequence of metrics contained within some quasi- amenable 
subset. 

Using the relationship between d and || • \\g determined in Theorem 5.20, we can prove 
the following. 

Proposition 5.22. Let [g] G A4f he an equivalence class containing at least one 
hounded, measurahle semimetric. Then for any hounded representative g € [g], there exists 
a sequence {gk} in M that hoth L^- and uj-converges to g. Thus [g] G 

Moreover, suppose g £ for some quasi- amenahle suhset U C A4. Then for any 
sequence {gi} inlA that L^-converges to g, {gi} is d-Cauchy and there exists a suhsequence 
{gk} that also u-converges to g. 

Proof. By the discussion preceding the proposition, for every representative 5 G [g], 
we can find a quasi- amenable subset U C Ai such that g G U^. (Recall that denotes 
the completion of U w.r.t. || • \\g, cf. Definition 3.18[) T hus, there exists a sequence {gi} 



that L^-converges to g. It is d-Cauchy by Theorem |5. 20 We wish to show that it contains 
a subsequence {gk} that also w-converges to g, so we still need to verify properties (|2])-(|4]) 
of Definition |4.5| (we just noted that {gk} is d-Cauchy, so property ([T]) holds). 

By passing to a subsequence, we can assume that proper ty ([4| is satisfied for {gi}. We 
verify property Ash in the same way as in the proof of Lemma 4.361 That is, L^-convergence 



of {gi} implies by Remark 4.34 that there exists a subsequence {gk} of {gi} that converges 
to g a.e. Finally, a.e.-convergence {gk} to g and continuity of the determinant function 
imply that property ^ holds. □ 

Thus, like we did for more restricted types of metrics before, this proposition allows 
us to cease to distinguish between bounded semimetrics and sequences w-converging to 
them. 



5.4. Unbounded metrics and the proof of the main result 

Up to this point, we have an injection 0, : M Mf, and we have determined that 
the image contains all equivalence classes containing bounded semimetrics. In this 

section, we prove that O is surjective. We will make good use of what we already know 
about in order to do so. 
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The following theorem is the surjectivity statement. It is proved using the same 



philosophy as in the construction of the completion oiV ■ g that was given in Section 5.1 
We simply need to adapt the arguments given there to our situation. 

Theorem 5.23. Let any [g\ ^ -Mf be given. Then there exists a sequence {gk] in Ai 
such that 



9k 



Thus, : M. ^ M.f is surjective. 



Proof. In view of Proposition 5.22 it remains only to prove this for the equivalence 
class of a measurable, unbounded semimetric g £ Aif. 

Given any element g € A4f, we can define exp^ on tensors of the form ag, where a is 
any function, purely algebraically. We simply set 

/ n \ 

(5.12) expg(a5) := (l + ^fr) g, 



so that the expression coincides with the usual one \^g^^A and a £ C°^{M) with a > 



(cf. (5.2)). If a is additionally measurable, then exp^^^ag) will also be measurable. 

Now, let g £ Mf. Then we can find a measurable, positive function ^ on Af such that 
9o '■= ^9 is a bounded semimetric. The same calculation as in the proof of Theorem 5.2 
shows that finite volume of g implies p := S L"'^'^(M, go). 

Define the map ^p by ip{a) := expg^{ago), and let 

4 



A 



1 



(5.13) 

Then clearly ip{X) = pgo = g. Moreover, we claim that A S L^(M, go) and hence, by 
Corollary 5.9, we can find a sequence {Xk} of smooth functions that converge in L'^{M, go) 
to A . That A G L?[M,go) follows from two facts. First, p G L"'^'^{M, go), implying 
that p"/^ € L^(M, (7o)- Second, finite volume of go implies that the constant function 

1 G L'^{M,go) as weh. 

A in L\M,go) 



Since Afc 
can also assume that Afc 



Remark 



4.34 



implies that by passing to a subsequence, we 



A pointwise a.e., where we note that here, "almost everywhere" 
means with respect to fig^. With respect to the fixed, smooth, strictly positive volume 
form pg, this actually means that Xk{x) X{x) for a.e. x G M\XgQ, since Xg^ is a nullset 
with respect to pg^. Note also that Xg^ = Xg, since we assumed that the function ^ is 
positive. Therefore Afc(x) X{x) for a.e. x £ M \ Xg. 

Furthermore, since from ( |5.13 ) and positivity of ^ it is clear that A > we can 



choose the sequence {A^} such that Afc > — - for all /c G N. This implies, in particular. 



that X, 



X. 



go 



X-„ 



Lg, which is easily seen from (5.12). 
We make one last assumption on the sequence {Afc}. Namely, by passing to a subse- 
quence, we can assume that 



(5.14) 



< OO. 



k=l 



Proposition 
(5.15) 



5.1 



Using a limiting argument, we can show a statement analogous to, but w eaker than. 
Namely, if d is the metric on J7(7W) defined in Theorem 4.47 then 

d(ilj{a),i){T)) < ^/n\\T - a\\go 

for all fj, r G C°^(M) with o", r > — -. We delay the proof of this statement to Lemma 



5.24 below, though, and first finish the proof of the theorem. 



We wish to construct a sequence that cj-converges to g using the sequence {tp{Xk)}. 
We can't use {tp{Xk)} directly, since it is a sequence in Q(A^), not M. itself. So we 
first verify the properties of w-convergence for {'ip(Xk)} and then construct a sequence 
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in M that approximates {ipi^Xk)} well enough that it still satisfies all the conditions for 
^-convergence. 

Since the sequence {A^} is convergent in L^(M, i^o), it is also Cauchy in L^(M, (70)- 



Using the inequality (5.15), it is then immediate that {^/^(Afc)} is a Cau chy sequence in 



(r2(A^),(i). This verifies property (|lj) of cj-convergence (cf. Definition 4.5). 

We next verify property ([s]). Note that Xg C X^^(^Xk)}: since we have already shown 
that ^^(Aj.) = Xg- (Keep in mind here the subtle point that -^^{a^.) is the deflated set of 
the individual semimetric tp(Xi^), while X^^(^x^.)} is the deflated set of the sequence {il^{Xk)}- 
Refer to Definitions 2.57 and 2.58 for details.) The inclusion implies that 



M\X{^^,^)yCM\Xg, 

so it suffices to show that ^(Xk){x) g{x) for a.e. x £ M \ Xg. But this is clear from the 
definition of -0 and the fact, proved above, that Afc(x) — > A(x) for a.e. x G M \ Xg. 

To verify property we claim that X^^i^x^)} = ^g-, up to a nuUset. In the pre- 
vious paragraph, we already showed that Xg C X|^(;s^^)}. Furthermore, for a.e. x G 
M \ Xg, {tp(Xi^)(x)} converges to g{x), which is positive definite, so for a.e. x £ M \ Xg, 
limdetV'(Afc) > 0. This immediately implies that X^^i^Xt:)} ^ ^gi up to a nullset. 

The last property to verify is Q. But this is immediate from (5.14) and (5.15). 

So we have shown that {■0(Afc)} satisfies the properties of w-convergence, save that 
it is a sequence of measurable semimetrics, rather than a sequence of smooth metrics as 
required. To get a sequence in Ai that w-converges to g, recall that each of the functions A^ 
is smooth and therefore bounded, and also that go is a bounded, measurable semimetric. 
Therefore, for eac h fixe d k € N, V'(-^fc) is also a bounded, measurable semimetric, and 
so by Proposition 5.22 we can find a sequence {^f} in A4 that w-converges to tpi^k) for 



CXD. 



By a standard diagonal argument, it is then possible to select G N for each 
G N such that the sequence {fff^} w-converges to g for k ^ 00. Thus we have found the 
desired sequence. 



It still remains to prove (5.15). The following lemma does this and thus completes the 
proof of the theorem. 



□ 



Lemma 5.24. If a,T G C°°{M) satisfy a,T > -|, then 



cr\ 



go- 



Proof. Since go is bounded, we can find a quasi-amenable subset U such that go G U^, 
i.e., s uch that 170 belongs to the completion oiU with respect to || • \\g. Using Proposition 
5.22, choose a sequence {gk} in that both L^- and a;-converges to ^o- For each k £ N, 
define a map ipk hy ipkin) := expg^{Kgk). 

By the triangle inequality, we have 

(5.16) d(V((T), ^(r)) < d{i;{a),M^)) + d{M'^),Mr)) + d{Mr),HT)) 
for each k. But since gk G Ai, Proposition |5.1| applies to give 

(5.17) , . ^ , . ^^ , „ k-*00 



d{'4jk{(y),'4}k{T)) < ^/n\\T 



gk 



'n\\T 



\go' 



where the convergence follows from Lemma 5.7 (Note we have an inequality in (5.17) 



rather than an equality like in Proposition 5.1 Proposition 5.1 is a statement about the 
metric on V ■ g for some g £ M. This is a submanifold of M, and the distance between 
points in a submanifold is always greater than or equal to the distance in the ambient 
space.) By (5.16) and ( 5.17| ), if we can show that 

d{ij{a),M^)) ^0 and d{Mr),i^{r)) ^ 0, 

then we are finished. In fact, if it holds for one, then it clearly holds for the other, so we 
prove it only for a. 
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Since gk,go S U^, it suffices by Proposition 5.22 to sliow tliat ipkicr) L^-converges to 
V'(c). But this is simple, for if we set 

n \4:/n 



then il^k{o') = agk and ^'[(j) = ag^. Tlius 

- i'k{(y)\\g = Wago - aguWg < max|a| • \\go - gk\\g 0, 
wliere tlie convergence follows from our assumptions on the sequence gk- □ 
From Theorem 



4.47 



we already know that the map O : — > A^j is an injection. 
Theorem 5.23 now states that this map is a surjection as well. Thus, we have already 
proved the main result of this thesis, which we state again here in full detail. 

Theorem 5.25. There is a natural identification of M, the completion of M with 
respect to the metric, with M.f, the set of measurable semimetrics with finite volume 



on M modulo the equivalence given in Definition 4-4 

This identification is given by a bisection Q : Ai ^ Aij, where we map an equivalence 
class [{gk}] of d-Cauchy sequences to the unique element of M.f that all of its members 
oj- sub converge to. This map is an isometry if we give Aif the metric d defined by 

d{[go], [gi]) ■= lim d{gl,gl) 

k—rOO 

where {5^} and {g\^ are any sequences in M. u-subconverging to [go] and [gi], respectively. 

As an end to this chapter, before we describe our application of this theorem, we 
briefly discuss the geometry of elements of A^j. In fact, an element of A4f does not define 
a geometry in the usual sense, since the metric space structure does not agree between 
different representatives of one equivalence class. To illustrate this, let's again take our 
favorite example M = T^, and consider the two equivalent semimetrics 

As metric spaces, go is just a point (the torus is completely collapsed) and gi is a round 
circle (one dimension of the torus has collapsed). 

On the other hand, since representatives of a given equivalence class in Mf all have 
equal induced measures, things like spaces of functions are well-defined for an equiv- 
alence class, as they are the same across all representatives. But even more is true — 



and spaces of sections of fiber bundles can again be defined as in Subsection 2.2.3 
since not only are the measures induced by two representatives equal, but the represen- 
tatives themselves are equal almost everywhere with respect to their common measure. 
Therefore, an equivalence class doesn't induce a well-defined scalar product on a vector 
bundle at any individual point, but the integral of the scalar product does not depend on 
the chosen representative. 

So while one must be careful about regarding an element oi Aij as defining a geometry, 
there are indeed many geometric concepts that are well-defined for elements of Aif. 



CHAPTER 6 



Application to Teichmiiller theory 

In this chapter, we describe an apphcation of our main theorem to the theory of 
Teichmiiher space. Teichmiiher space was historicahy defined in the context of complex 
manifolds, but the work of Fischer and Tromba translates this original picture into the 
context of Riemannian geometry, using the manifold of metrics. (See, in particular, the 
papers [161 and [17J , as well as the related jl5j , |18| , |53j and 



In Section 6.1 we describe Teichmiiller space according to Fischer and Tromba's pic- 
ture. Along with discussing some properties of Teichmiiller space, we also describe a 
much-studied Riemannian metric on it, the so-called Weil-Petersson metric. The Weil- 
Petersson metric arises very naturally in this context, and there is also a very natural way 



to generalize it, which we give in Section 6.2 It is in this section that our application is 
given. 

The book [55 is an excellent presentation of Fischer and Tromba's approach to Te- 
ichmiiller space. It is essentially a self-contained work incorporating the references listed 
above. We will use it as the standard reference in this chapter — any facts that are not 
directly cited or proved can be found in this book. 

6.1. Teichmiiller space 

Convention 6.1. For the entirety of this chapter, let our base manifold M be a 
smooth, closed, oriented, two-dimensional manifold of genus p >2. 



Convention 6.2. In this chapter, we abandon Convention 2.51 That is, when we 
write g for a metric in Ai, we no longer assume that this is fixed, but allow g to vary 
arbitrarily. 

6.1.1. The definition of Teichmiiller space. Since the group V of positive C°° 
functions acts on M by pointwise multiplication, we can define the quotient space by this 
action, M/V. It is not hard to see that this action is smooth, free and proper, from which 
one can show that the quotient space M /V is a smooth Frechet manifold. This is called 
the manifold of conformal classes on M. The name comes from that of a conformal class 
[g], which is the set of all metrics of the form pg, where p is a smooth, positive function. 
We cannot use a conformal class to give a well-defined notion of the length of vectors 
in a tangent space, since this varies among representatives of the class. However, the 
angle between two vectors is the same for all representatives, so this notion is well-defined 
for conformal classes. This is analogous to the way that a conformal mapping preserves 
angles — in fact, the identity mapping {M,g) (M,pg) is obviously conformal for any 
g e M and p€V. 

Let P denote the Frechet Lie group of smooth, orientation-preserving diffeomorphisms 



of M (cf. Remark 2.7). There is an action olD on M given by pull-back. Actually, we can 
even define the action on S: for all (p £ T>, h £ S, x £ M, and v,w £ TxM, the explicit 
formula is 

(6.1) ip*h{x){v,w) = h{if{x)){Dip{x)v, Dip{x)'w). 

This action is compatible with the "P-action on A4 in the sense that if go and gi are 
equivalent under the P-action, say gi = pgo, then ip*go and ^p*gi are also equivalent under 
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the P-action, since (p*gi = {po ip)(p*gQ. In other words, there is a natural action of T> on 
M./V that makes the projection ^ : — > M./V P-equi variant. Thus, we can define the 
quotient space 

n := {M/V)/V, 

which is called the Riemann moduli space of M, or usually just moduli space. 

Remark 6.3. As we mentioned above, the Riemann moduli space (and Teichmiiller 
space, which we'll meet later) was originally defined in terms of complex structures on 
M, not metrics. It turns out that the manifold A4/V is, in a sense, diffeomorphic to the 
manifold of complex structures on M, which gives the connection to the original theory. 
Since we don't need this connection for our purposes, however, we omit it and instead 
refer the reader again to [55' for details. The approach we take here may be less familiar, 
but is more economic given our previous preparations. 

Moduli space has a somewhat technically challenging structure. Since the action of T> 
on M has a fixed point at any metric with a nontrivial isometry group, moduli space has 
singularities. It turns out that these are not very difficult to deal with, as they are only 
orbifold singularities — this follows from the fact that the isometry group of a Riemann 



surface with genus p > 2 is necessarily finite (see Lemma 6.7 below). Yet one might still 
prefer to work with a smooth manifold. Teichmiiller space is a manifold that can be seen as 
a sort of intermediate space between the manifold of conformal classes and moduli space. 
We define this now. 

Let Dq C T> he the subset of diffeomorphisms that are homotopic to the identity. It 
turns out that the action of Dq on M is free and, though the proof is quite involved, one 
can show that the quotient space 

T := {M/V)/Vo 

is a smooth manifold. (This is not done directly, but rather using the intermediate step 
of identifying M /V with the space of hyperbolic metrics on M; see below.) This quotient 
space is the Teichmiiller space of M, or simply Teichmiiller space. 

Not only is Teichmiiller space a smooth manifold, it is finite-dimensional. This allows 
us to avoid the many difficulties that arise when dealing with infinite-dimensional spaces 
like M. 

The mapping class group of M is defined to be MCG := D/Dq. This group acts on 
Teichmiiller space, and we have 

7^ = T/MCG. 

The general philosophy to keep in mind in this setup is that natural objects on Teichmiiller 
space should be MCG-invariant so that they descend to moduli space. This corresponds 
to ensuring that objects defined on Ai/V are 2?-invariant and not just Do-invariant. 

6.1.2. The Weil-Petersson metric on Teichmiiller space. Before we can define 
the Weil-Petersson metric, we need to discuss hyperbolic metrics on M. In particular, the 
following theorem allows us to identify the quotient space A4 /V with the set of hyperbolic 
metrics on M. We define a hyperbolic metric as one that has constant scalar curvature 
— 1. (Other authors may use the sectional curvature or Gaussian curvature, which differs 
from the scalar curvature simply by a constant factor. We stick here to the convention of 
|55j for simplicity.) 

Theorem 6.4 (Poincare uniformization theorem). Let g £ M be any Riemannian 
metric on the closed, oriented, smooth surface M of genus p > 2. Then there exists a 
unique X{g) G V such that X{g)g is hyperbolic. 

Additionally, it can be shown that the assignment g X{g) is smooth. 
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Let M-i C M denote the subset of hyperbolic metrics on M. Theorem 6.4 imphes 
that there is a bijection between Ai/V and It can be shown that in fact, is a 

smooth submanifold of Ai and this bijection is actuahy a diffeomorphism. 

Furthermore, we can easily show that A4_i is D-invariant. Denote the scalar curvature 
of a metric g € Mhy R{g) — this is a function on M, and g G A^_i if and only if R{g) = — 1. 
But for all X G M and g G M-i, 

R{ip*g){x)=R{g){ip{x)) = -l. 

Therefore ip*g G Al-i as well. 

Using the statements of the last two paragraphs, we can diffeomorphically identify 
Teichmiiller space with the space of hyperbolic metrics modulo diffeomorphisms homotopic 
to the identity. That is, 

T = {M/r)/Vo ^ M-i/Vo. 

This is the model of Teichmiiller space that we will use from here on. We furthermore 
denote the projection by 

TT : M^i M^i/Vq. 

Since Al-i is a submanifold of A^, the metric {■,■) onAi induces a weak Riemannian 
metric on by restriction. We again denote this metric by (•, •), and we claim that T> 

acts by isometries on (•,•). To see this, we first denote the pull-back action by 

(6.2) A:SxV^S, 

and for any ip £ D, we define a map 

^^■^^ A{h,ip) =ip*h. 



Note from the definition (6.1) of the pull-back that A,p is a linear map. Therefore, its 
differential at each point is equal to the map itself. From this, we see that for any g £ A4 
and any h,k G TgM. = S, 



{DA^{g)h,DA^{g)k)A^(g)= / ti^*gii'f*h){ip*k)) ^i^*g. 

Let's define / := tig(hk), so that / is a function on M. It's not hard to convince oneself 
that 

tT:^,g{{ip*h){ip*k)) = foip = ip*f, 
as well as that = (p*fj,g. Therefore, 



{DA^{g)h,DA^ig)k)A^(^g)= / {ip* f) ^* ^g = / ^*{ffig)= / ff,g = {h,k)g. 

Jm Jm Jm 

This shows that (•, •) is P-invariant. 

P-invariance of (•, •) implies that it descends to an MCG-invariant Riemannian metric, 
also denoted (•,•), on the quotient M-i/'Dq. This metric is called the Weil-Petersson 
metric. 

The Weil-Petersson metric is an extremely interesting and intensely studied object. 
Some of its most important properties are the following. There is a natural complex 
structure on Teichmiiller space, which we won't describe here, and with respect to this 
structure the Weil-Petersson metric is Kahler. It has strictly negative sectional curva- 
ture and strictly negative holomorphic sectional curvature. The Weil-Petersson metric is 
incomplete, and its completion leads to interesting connections with the so-called Deligne- 
Mumford compactification of moduli space. We will explore this metric some more in 
Subsection 16.2.11 

For the moment, though, we leave the Weil-Petersson metric and move on to some 
other properties of Teichmiiller space that we will need. 
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6.1.3. The fiber bundle structure of Teichmiiller space. It is clear that Te- 
ichmiiller space is the base space of a principal Po-bundle with total space tt : — > 
M^i/Vq. If we put the metric on and the Weil-Petersson metric on T, then 

this bundle forms what is called a weak Riemannian principal Do-bundle. That is, it is a 
principal Po-bundle with a weak Riemannian metric on each of the base and total spaces, 
and the differential of the projection is an isometry when restricted to the horizontal 
space. In other words, for all g € DiiglHg is an isometry. Here, Hg is the horizontal 

tangent space defined as follows. Let Vg be the vertical tangent space, i.e., the tangent 
space to the orbit "Dq ■ 9- Then Hg = V^. Of course, the tangent space decomposes as 

TgM-l=HgeVg. 

We can easily determine what the vertical tangent space Vg is. If ipt, for t G (— e, e), is 
a one-parameter family of diffeomorphisms for which (pQ = id, then the differential of ipt 
at t = is a vector field. That is, if we denote the set of C°° vector fields on M by X{M), 
then there is some X G X(M) for which 



d 
dt 



Vt = X. 



Every X G X(M) arises in this way. Furthermore, g M is any metric, then by 
definition, 

d 

t=0 



dt 



where Lxg is the Lie derivative of g with respect to X. Therefore we have 

(6.4) Vg = {Lxg I X G X(M)}. 

It is also possible to explicitly describe the horizontal tangent space Hg, though we 
will not derive this description here. Define the divergence of an element /i G 5 to be the 
one-form given locally by 

1 d ( \ 1 

{bgh), = 

Then we have 



Hg = cS; ^ := {/i G cS I tr^ /i = 0, bgh = 0}. 

Horizontal lifts of paths exist for the bundle vr : — > A^_i/Po- That is, given 
a path 7 : [0,1] — > A1_i/Po and an element g G 7r~^(7(0)), there exists a unique path 
7 : [0, 1] M.-\ such that vr o 7 = 7, 7(0) = g, and 7'(t) G -f^7(t) for all t. Note that 
this fact does not hold in general for weak Riemannian principal bundles. There are a 
number of ways to see that it does hold here — we will now present a proof that relies 
on the existence of a slice for the Po-action and the ability to take any path in 7W and 
construct a horizontal path from it. 

The existence of a slice is given by the following theorem. 

Theorem 6.5 ([SS', Thms. 2.4.2 and 2.4.5]). Let g G M.-\ be arbitrary. Then there 
exists a local smooth submanifold Xg C Ai-i passing through g such that each point of Xg 
corresponds to exactly one orbit of Vq. That is, if (f G Vq, g £ Xg and (p*g G Xg, then 
if = id. Furthermore, the local submanifolds Xg form the (nonlinear) charts of an atlas 
forM-i/VQ. 

Now, we want to take a given path in M and construct a horizontal path from it. 
We note that the horizontal space for the P- action on A^, i.e., the vectors tangent to the 
P-orbits, is given by §3] 

Hg = {heS\5gh = 0}. 
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The vertical tangent space is again given by (6.4), since we showed (6.4) for any g £ Ai, 
not just g £ M.-i. Again we have a decomposition TgAi = Hg (B Vg. 
Let's denote the projection of Ai onto the I?o-orbit space by 

TTM-M^ M/Vq. 

We simply view this as a mapping of sets, since we have not considered any particular 
structure on A^/Dq (and don't need to). 
The statement we need is the following. 

Lemma 6.6. Let gt, t £ [0,1], be any piecewise path in M.. Then there exists a 
unique piecewise path gt, t G [0, 1], with the properties that go = go, gt is horizontal 
wherever gt is dijferentiable, and gt is equivalent to gt under the Vq- action on M.. That 
is, go = go, g't £ Hg^ for all t for which g[ exists, and T^M^dt) = T^MiOt) for all t G [0, 1]. 

Furthermore, gt is of minimal length among the class of all paths equivalent to gt 
(though it is of course not the unique minimizer). 

Proof. Without loss of generality, we assume that gt is actually on its entire 
domain. (Otherwise just apply the proof to each segment on which it is C^.) By the 
decomposition shown above, for each t G [0, 1], there exist ht G Hg and Xt G X{M) such 
that 

g[ = ht + LxtQi- 

Now, as is well known (or easily looked up, say in ^31^ Thm. 17.15]), since M is 
compact, we can integrate the time-dependent vector field —Xt to get a one-parameter 
family of diffeomorphisms (pt for which ^po = id and 

— pt = -Xt o ipt 



for ah t G [0,1]. 

We then define gt 

TTMigt)- To show that g't G Hg^, we recall that A denotes the action of P on 5 (cf. (6.2)) 
and compute 



iftgt and claim that this is the desired path. Clearly T^Midt) 



(6.5) 



9t = ^("Ptdt) = i,^{9t,^t) 



DA{gt,pt)[9u-X-^ 



t o Pt\ 



dt 

since the t-derivative of ipt is —Xt o (pf 

Now, denote the partial derivatives of A in the first and second arguments by DiA 
and D2A, respectively. We have 



(6.6) DiA{gt, ipt)g't = DA^, {gt)g't = 

Recall that A^p^ = A{-, ipt) by definition (cf. ( |6.3| 
as mentioned above, A^^ is a linear map. 
Next, we compute 

(6.7) D,A{gt,^t)[-Xto^t]=l 



), and the second equality follows because. 



{"Pt+sgt) = <Pt 



d_ 
ds 



— 1 \* 

°ft ) 9t 



-Vt{Lxtgt) 



Since DA = DiA + D2A, inserting (6.6) and (6.7) into (6.5) gives 



But since dg^ht 



9t = "Ptht =: ht. 

0, we also have 5g^ht = 5^*g^[Lp^ht) = 0. Thus we have shown that 

g't G -ffgt, and so gt is horizontal as desired. 

Uniqueness of gt with the desired properties follows from the fact that on a Riemann 
surface of genus p >2, there are no Killing fields — we prove this in Lemma 6.7 immediately 
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following the proof of this lemma. Thus, the family i^t above is the only one for which 
ifQ = id and i^^gt is horizontal. 

To show that gt is of minimal length among all paths equivalent to gt, let gt be 
another path with iTM{gt) = T^M^gt)-, and let if^t be the unique one-parameter family of 
diffeomorphisms from T)q such that gt = ipt9t- Just as above, we can compute that 



g't = ^(^t9t) = i^fht + i^tiLYtElt), 



where 



Yt:= (^Vt) oV't"' G^(M). 
and we recall that ht = g[. But by the orthogonality of horizontal and vertical vectors, 

L{9t) = [ \\gt\\9tdt= [ \\il)fht\\^.g^dt+ f \\il)l{LY,gt)\\rtgtdt 
Jo Jo Jo 



\ht\\gtdt+ / \\iJt{LY,gt)\\^*g^dt> L{gt), 
Jo 

where we have used the 2?-invariance of (•, •) in the second line. □ 

Lemma 6.7. Let g £ be any Riemannian metric on the genus p surface M. Then 
g has finite isometry group. In particular, g admits no Killing fields. 



Proof. By the Poincare uniformization theorem (Theorem 6.4), there exists a func- 
tion p G C°°(M) and a metric g G such that g = pg. Our goal is to show that every 
isometry of g is also an isometry of g, which then implies that the isometry group of g is 
finite, since by Hurwitz's theorem [131 p. 258] the isometry group of g is finite. 

So let </? G P be an isometry of g. We then have that ip*g = g, so 

{^*p)'P*9 = ^*{pg) = ^*g = g = pg- 

Thus ip*g and g are conformally equivalent. Furthermore, since the space of hyperbolic 
metrics is D-invariant, these two metrics are both hyperbolic. But since the Poincare 
uniformization theorem says that there is exactly one hyperbolic metric in each conformal 
class of metrics, we must have <p*g = g. Thus (p is an isometry of g, as was to be shown. □ 



Remark 6.8. Note the following astounding fact, implied by the proof of Lemma 6.7 



We have just shown that the unique hyperbolic metric in a conformal class is, in a very 
strong sense, the most symmetric metric in that class. Namely, any isometry of any metric 
in that class is also an isometry of the hyperbolic metric. 

Using the results above, we can prove the existence of horizontal lifts. 

Theorem 6.9. For any path 7 : [0,1] —>■ M-i/Vq and any g G 7r~^(7(0)), there 
exists a unique horizontal lift 7 : [0, 1] A4_i/Po with 7(0) = g. In particular, 7'(t) G 
for all t G [0, 1] . 

Furthermore, ^(7) = L{"f) and 7 has minimal length among the class of curves whose 
image projects to 7 under vr. 



Proof. Recall that X„ denotes the slice around g guaranteed by Theorem 6.5, By 



the compactness of the interval [0, 1], we can choose a finite set {gi, . . . , gm} C M.-i such 
that the collection {7r(A'gJ, . . . ,vr(^Yg^)} covers 7; furthermore, we choose this collection 
such that all the sets in it have nonempty intersection with 7. Let the collection further be 
chosen such that the intersection T:{Xg^_) n7 is equal to ^{Jk) for some interval C [0, 1]. 
To achieve this condition, we simply shrink the slices if necessary. Finally, we assume that 
the numbering is done such that the initial points of the intervals Jk are in increasing 
order — again, we may have to shrink the slices to achieve this. In particular, this assures 
us that G Ji. 
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Let 7fc denote the lift of 7|j^ to Xg^^, and let % be the horizontal path equivalent to 
7fc guaranteed by Lemma 6.6 The path % is a horizontal lift of 7I j^.- 



Let (fi G Vq be the unique element such that v?i7i(0) = g, and define 71 := 9^171. 
Note that 71 is still a horizontal lift of 7|jj,, and that 7i(0) = g. Let 02 S Ji H J2, and 
let (/72 £ T^o be the unique element such that (p2%{cL2) = 71(02)- Define 72 := v'272- By- 
repeating this procedure, we get a path 7^ that is a horizontal lift of 7|jj., such that 7^ 
intersects 7a,.+i in at least one point, for each k = 1, . . . ,m. 



Using the uniqueness of the horizontal paths of Lemma 6.6 we see that since the 
paths 7fc and 7/c+i intersect in one point, they intersect over the entire range where they 
are equivalent under Vq. Therefore, we can glue the paths together to a differentiable 
path 7 that is a horizontal lift of 7 — and since 71 (0) = g, we clearly have 7(0) = g, as 
desired. 



The minimality of 7 follows from Lemma 6.6 To show that ^(7) = -^^(7), recall 
that TT : Ai^i Ai-i/'Do is a weak Riemannian principal Do-bundle, so Dir{g)\}{g is an 
isometry for every g € M-i/'Dq. Therefore 

m)= ['\\l{t)\\^^t)dt= rpvr(7(t))7'(t)L(^(,))dt= r||7'(i)|^(i)dt = L(7)- 



Jo Jo 



□ 



The structures we've described in this section will all be put to work for us in the next 
section. 

6.2. Metrics arising from submanifolds of Ai 

In this section, our goal is to define an entire class of metrics that includes the Weil- 



Petersson metric, and to use the main result of the thesis. Theorem 5.25 to prove a fact 



about the completions of Teichmiiller space with respect to such metrics. 



Before we do this in Subsection 6.2.2 we will go into some more detail on the com- 
pletion of the Weil-Petersson metric. This discussion will motivate our considerations in 
Subsection 16.2.21 

6.2.1. Completing Teichmiiller space with respect to the Weil-Petersson 
metric. It has long been known that the Weil-Petersson metric is incomplete — this was 
initially and independently proved in [56] and . The proof shows that there are Weil- 
Petersson geodesies that, in finite time, leave Teichmiiller space. 

The limit points of such geodesies can be given a meaning as Riemann surfaces them- 
selves, which we would like to describe heuristically here. We will not justify anything, 
but instead suggest to the reader the various references given in this chapter. 

First, we note that for a hyperbolic metric on a compact surface, there is a unique 
geodesic in each free homotopy class, and this is the shortest curve in the class |27| 
Lem. 2.4.4]. 

Let a Weil-Petersson geodesic 7 : (0, 1] ^ T be such that it cannot be continuously 
extended to the domain [0,1], and let 7 : (0,1] be a horizontal lift of 7. Then there 
exist r disjoint, nonhomotopic, noncontractible simple closed curves r]^ , . . . ,r]^ on M, with 
1 ^ r < 3p — 3, such that the following holds. For each i = 1, . . . ,r, let rjl denote the 
unique 7(t)-geodesic in the free homotopy class of r/*. Then the length of each 7]l with 
respect to 7(t) converges to zero for t ^ 0. In this case, we say that the curves ijj, . . . ,r]f 
are pinched along 7, since geometrically the curves shrink to points. 

Thanks to the so-called collar lemma (see, e.g., [48] or, for surfaces of variable curva- 
ture, [5]), around each geodesic on a hyperbolic surface there exists a neighborhood that is 
diffeomorphic to an open-ended cylinder. Furthermore, the width of this neighborhood in- 
creases to infinity as the length of the hyperbolic geodesic decreases to zero. Thus, around 
each of the curves rjl, two so-called cusps develop as i — > 0, meaning that in the limit. 
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Figure 1. The formation of cusps when pinching a simple closed hyper- 
bolic geodesic. On the left, the blue, homologically trivial, curve is pinched 
and the resulting limit surface is disconnected, with two cusps. On the 
right, the red, homologically nontrivial curve is pinched — the limit surface 
has lower genus than the original one, and has two cusps. 



two infinitely long cylinders extend out from the surface, and the width of these cylinders 
approaches zero at infinity. Figure [T] illustrates this in case of the two basic possibilities 
here. By pinching a homologically trivial curve, we end up with a disconnected surface of 
the same total genus (heuristically, the same number of "donut holes"). When pinching 
a homologically nontrivial curve, the limit surface stays connected but is of lower genus. 
By combining these two pictures for all pinched curves, one can imagine a general limit 
surface. By adding in all such limit surfaces, we obtain the completion of Teichmiiller 
space with respect to the Weil-Petersson metric, which we will denote by T. 

Let's translate this discussion into the language that we've been using throughout the 
rest of the thesis. What essentially happens is that the family of metrics 7(t) is equivalent 
(under the Po-action on A4-i) to a family gt of metrics that becomes unbounded and 
deflates along the curves rj^, . . . , r;^ as t — > 0. With respect to the metrics gt, the lengths 
of vectors tangent to each r/* converge to zero, and the lengths of vectors perpendicular to 
each r/' become infinite. Thus, if we define go to be equal to the pointwise limit of gt off of 
7]^, . . . ,r]^ and, say, zero on r/^, . . . , t/*", then we get a limit metric on M that is measurable. 
Furthermore, by |13| p. 233] , the volume of the limit surface is finite, as we would expect 



from our main result. Theorem 5.25 



Thus, the completion of Teichmiiller space fits very nicely into the setting that we 
have established in this thesis. Of course, since we are dealing only with a special type 
of metric on a special type of base manifold, and we only consider horizontal paths — i.e., 
there are no limit metrics that arise from families of degenerating diffeomorphisms — the 
limit metrics that are possible make up only a small subset, with very nice properties, of 
the limit metrics that we get when considering the completion of all of M . 

Before we leave this subsection, let's just mention a couple of the rich properties of 
the completion of Teichmiiller space with respect to the Weil-Petersson metric. 

As described above, T is closely related to a compactification of moduli space. As 
in the case of (and the completion of any metric space), the distance function of the 
Weil-Petersson metric extends to the completion T. Here, however, more is true. In a 
certain sense, the Weil-Petersson Riemannian metric (the scalar product) also extends to 
T. This is proved, and given precise meaning, in |33j . 

The action of the mapping class group MCG extends to T [1], and the action of any 
individual element of MCG is an isometry of the extended Weil-Petersson metric on T. 
Therefore, we can form the quotient 

TZ := T/MCG, 
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and the Weil-Petersson distance function projects to a complete metric (in the sense of 
metric spaces) on TZ. 

It turns out that 7^ is a compactification of moduU space. Moreover, this compactifica- 
tion agrees with the famous Deligne-Mumford compactification [9], which arises via very 
different considerations in algebraic geometry. Thus, the Weil-Petersson metric forms 
the bridge between two very important aspects of Riemannian geometry and algebraic 
geometry. 

Hopefully this has provided sufficient motivation to convince the reader that the Weil- 
Petersson metric and generalizations thereof are worthwhile objects of study. 

6.2.2. Generalizations of the Weil-Petersson metric. The natural way to gener- 
alize the Weil-Petersson metric within this context is to take also non-hyperbolic (variable 
curvature) representatives for each conformal class in A^/P, giving us some submanifold of 
M which differs from ^A^l but still contains exactly one representative of each conformal 
class. The goal of this subsection is to describe this idea rigorously. 

This idea is directly inspired by |22] and |23| . where metrics on Teichmiiller space 
were also defined using variable curvature metrics in place of the hyperbolic metric. These 
metrics differ from the ones considered here, however. After we define our own general- 
ization, we remark on the differences. Unfortunately, completely describing the concepts 
necessary to understand the differences is outside the scope of this thesis, so we must 
regrettably do this in a way that will be helpful only to those "in the know." 

By the Poincare uniformization theorem. Theorem |6.4[ the principal P-bundle M — > 
M./V is trivial, and is a section of this bundle. (Of course, we could have already 

deduced from the product structure M. = VxAifj, given in Subsection 2.5.3 that the bundle 



is trivial.) The idea now is to select a different section of — > Ai/V. In fact, we will 
simultaneously consider all smooth sections M with the property that they are P-invariant, 
which we require so that we still have diffeomorphisms T = AA/Dq and TZ = M jD. 

Definition 6.10. We call a smooth, 2?-invariant section of ^ J^jV a modular 
section. Given a modular section J\f C M, we call the quotients M /T>o and M jD the 
M -model of Teichmiiller space and the J\f -model of moduli space, respectively. 

The proof of the next lemma is obvious from the decomposition M = "P x A4_i implied 
by the Poincare uniformization theorem. 

Lemma 6.11. For all g G choose pg ^ V such that 

(1) the assignment g ^ Pg is smooth and 

(2) p^,g = ip*pg for all g £ M-i. 

Then the set 

M:= {pgg I g £ M-i} 
is a modular section. Furthermore, every modular section arises in this way. 

Modular sections other than of course exist. Let us mention just one important 

example, that of the space of Bergman metrics on M. It requires a few facts about 
Riemann surfaces that we won't prove, and can be safely skipped. 

Example 6.12. As is well-known and proved, for example, in [55j . in two dimensions 
complex structures are in one-to-one correspondence with conformal structures — so each 
element of Ai/V determines complex structure on M. So for this example, we work with 
complex instead of conformal structures. 

Let c be a complex structure on M. Then the space of holomorphic one-forms on 
(M, c) has complex dimension p, the genus of M \l'd\ Prop. III. 2. 7]. Let 6i, . . . ,9p he an 
L'^-orthonormal basis of this space. That is, 

9j A9k = 6ji 



2 



M 
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The Bergman metric is defined by 

1 ^ 
^ i=i 

It is clear from this construction that the set of all Bergman metrics is indeed a modular 
section. 

The Bergman metric can also be seen as the pull-back of the flat metric on the Jacobian 
of M via the Albanese period map. It arises, for example, in arithmetic geometry [6j. 

Let us now return to our general considerations. 

Convention 6.13. For the remainder of this chapter, let A/" be a fixed but arbitrary 
modular section. 

The next proposition tells us that we are, from the differential topological point of 
view, justified in calling J\f /T)q the AA- model of Teichmiiller space. 

Proposition 6.14. The quotient N /T)q is a smooth, finite- dimensional manifold. Fur- 
thermore, we have diffeomorphisms \I' : Ai-i M and <I> : Ai-i/Vo M/Vq. The 
diffeomorphism ^ is D-equivariant. 



Proof. Let pg be the assignment that gives A^ from Ai-i, as in Lemma 6.11 Then 
it is clear that the following map is a diffeomorphism: 

^ : M^i -^M 

9 ^ Pg9- 

The rest of the claims follow from the fact that ^ is 2?-equivariant: 

= Pv'9{^*9) = {^*Pg){v*9) = V*{pg9) = <^*^(5) 
by the assumptions on pg. Thus, the manifold structure on M /T)q is given by the bijection 
with M-i/Vq induced by □ 

As in the case of the section Al-i, the metric on M. restricts to AA, and its T>- 
invariance implies that it projects to an MCG-invariant metric on N /T)q. We call this 
metric, as well as the metric it induces on T = ^A-l via the diffeomorphism of Proposition 



6.14, the generalized Weil-Petersson metric on the AA-model of Teichmiiller space. As in 
the case of the bundle A^_i Al_i/Po) these metrics turn the bundle J\f — > M /Vq into 
a weak Riemannian principal Po-bundle. 

Remark 6.15. The following remark requires some basic knowledge about Teichmiiller 
theory. For those lacking this, it can be safely skipped. 

For those with this background, we note here the difference between the metrics of 
Habermann and Jost (cf. |22] . |23] ) and the generalized Weil-Petersson metrics we have 
just introduced. 

Of course, Teichmiiller space was historically defined in complex analysis as the space 
of complex structures on M modulo Vq. (See, for example, [26].) The correspondence be- 
tween complex structures and conformal classes is given by the existence of local isothermal 
(or conformal) coordinates on any two-dimensional manifold. 

Now, recall that the cotangent space of Teichmiiller space, when defined in the complex 
analytic way, is given by the space of holomorphic quadratic differentials on M with respect 
to the given complex structure. The correspondence between these and horizontal vectors 
of A4_i is given by the fact that a traceless, divergence- free element of S is the real part 
of a holomorphic quadratic differential. 

Habermann and Jost generalize the Weil-Petersson metric on the complex analytic 
version of Teichmiiller space as follows. From this point of view, a point r S T represents 
an equivalence class of complex structures on M. Let's choose representatives S,- of the 
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equivalence classes r S T — thus, T,r is a complex manifold with one complex dimension — 
in a smooth manner (we will have to be vague about what this means for reasons of 
space) . 

For each fixed r € T, choose complex coordinates z on E,- and a Hermitian metric 

A^(z) dzdz. 

If is chosen such that it varies smoothly with r, then we get a Riemannian cometric 
on T by defining, for each t £ T and any two holomorphic quadratic differentials on Tij- 
locally given by ipo{z) dzdz and ipi{z) dzdz, 



(6.8) UMr:=U ^}p^dzAd-z. 

If dzdz is the hyperbolic metric on S,- for each t , then ((•,•)) is the Weil-Petersson 
cometric on T . Otherwise we get some generalization of it. 

The difference between these generalizations and the ones we study here is that a 
horizontal tangent vector to N is divergence- free, but need no longer be traceless. Thus, 
in contrast to the case where N = M-i, a horizontal tangent vector to N need not in 
general be the real part of a holomorphic quadratic differential, and so some extra terms 



will enter into (6.8) if we try to view our generalized Weil-Petersson metric through the lens 



of the complex analytic theory of Teichmiiller space. In essence, the objects ij^o and V'l on 



which (6.8) is evaluated are natural tangent vectors when we view S,- as an element of the 
moduli space of one-dimensional complex manifolds, but not when we view (S, A^dzdz) 
as an element of the section N . 

Our next goal is to establish the existence of horizontal lifts for the bundle M — > N /T)q. 
Thanks to our previous work on A^_i, this is not difficult. 

Let us define some notation before stating the result. We denote the bundle projection 

by 

and we denote the horizontal tangent space of this bundle at (7 G by 

:= C TgN. 



By Proposition 6.14, we have a commutative diagram 
(6.9) 



M-i M 



TTA/- 



where the horizontal arrows are diffeomorphisms and the vertical arrows are projections. 

Theorem 6.16. For any path 7 : [0,1] N /Vq and any g G 7r_^^(7(0)), there 
exists a unique horizontal lift 7 : [0, 1] ^ with 7(0) = g. In particular, 7'(t) G ^'^{t) f'^^ 
allte [0,1]. 

Furthermore, ^(7) = -^^(7) and 7 has minimal length among the class of curves whose 
image projects to 7 under ■Kj\f. 

Proof. Let 7 be the horizontal lift of 07 to Ai-i with initial point ^'"^(5), and 
let 7 := ^' o 7. This is a path in M. Finally, we let 7 be the horizontal path equivalent to 
7 guaranteed by Lemma |6.6[ 

We claim that 7 is the desired lift. It is a path in M by P-invariance of A^, and it is 
clearly horizontal. By construction, we see that 7(0) = g. 
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Finally, it is easily seen from commutativity of (6.9 ) and the fact that vr o 7 = o 7 
that 7r_A/ 07 = 7. Uniqueness of 7 with the given properties follows from uniqueness of the 
paths of Lemma |6.6| 



The remainder of the theorem is proved precisely as in Theorem 6.9 □ 



This theorem allows us to prove the application of the thesis' main result that we 
have in mind for the generalized Weil-Petersson metric. In the following, we denote the 
distance function of {M, (•, •)) by dj\f. 

Theorem 6.17. Let {[gk]} be a Cauchy sequence in the M -model of TeichmiiUer space, 
Af/T>Q, with respect to the generalized Weil-Petersson metric. Then there exist represen- 
tatives cjk G [gk] and an element [goo] £ -A^/ such that {gk} is a dj^-Cauchy sequence that 
Lo-subconverges to [goo]- 

Furthermore, if {[g^]} o,nd {[gj.]} are equivalent Cauchy sequences inM/V^, then there 
exist representatives g^ G [g^ and g\ G [g^, as well as an element [goo] & M.f, such that 
{g^} and {g\} are dj^-Cauchy sequences that both to-subconverge to [goo]- 

Finally, if {[g^]} o,nd {[g]^} are inequivalent Cauchy sequences in J\f /Vq, then there 
exists no choice of representatives g^ £ [g^] and g\ G [g]^ such that {g^} and {g\} uj- 
subconverge to the same element of Mj. 

Proof. The first claim would follow from Theorem 15.251 if we could show that there 
are representatives gk G [gk] such that {gk} is a (i_A/-Cauchy sequence, since this implies 
that it is also a d-Cauchy sequence. So this is what we will show. 

Let's denote the distance function induced by the generalized Weil-Petersson metric 
on M/Vq by 6. For each A; G N, let 7^ : [0, 1] — > M/Vq be any path from [gk] to [gk+i] 
such that 

Lhk)<26i[gk],[gk+i])- 
For any gi G let 71 be the horizontal lift of 71 to Af with 71 (0) = gi which 



is guaranteed by Theorem 6.16 Then clearly ^2 := 72(1) G 7r_^ ([52])- Furthermore, 



d^iguh) < Wi) = i(7i) < 2<5([5i], N). 

We repeat this process, i.e., let 72 be the unique horizontal lift of 72 with 72(0) = g2, 
and set ^3 := 72(1), etc. We again get 

By continuing, we get a sequence of representatives gk G [gk] such that for each /c G N, 

dAf{gk,h+i) < 25([5'fc], [gk+i])- 

Thus, since {[^fc]} is a Cauchy sequence, {gk} is a d_^-Cauchy sequence, as was to be 
shown. 

To prove the second statement, it suffices by Theorem |5.25| to show that we can find 
representatives g'^ G [g^] and gl G [gl] such that {g'^} and {g^} are equivalent d_^-Cauchy 
sequences. 

To do this, select representatives g^ G [g^] as guaranteed by the first statement of the 
proof, so that in particular {5^} is (i_/v-Cauchy. Next, for each A; G N, choose a path 7,^ in 
M/Vq from [gl] to [gl] such that 

L{jk)<26{[gl],[gl]). 

Let 7fc be the horizontal lift of 7^ to M with 7a;(0) = g^, and define gl := 7fc(l) G [gl]. 
Then 

dMC9l~9l) < L{%) = L(7fc) < 26{[gl], [gl]). 



6.2. METRICS ARISING FROM SUBMANIFOLDS OF M 



123 



From the above inequality, the fact that {g^} is (i_A/-Cauchy, and the fact that {[5^]} and 
{bi']} equivalent Cauchy sequences, it is easy to see that {gl} is (i_A/-Cauchy and that 
{g^} and {gl} are equivalent (i_A/- Cauchy sequences. 

To prove the last statement, note that since {[5^]} and {[5^]} are inequivalent, we have 

e:= hm 5{[gl],[gl]) > 0. 

fe^oo 

By definition, we also have 

[gl]) = mf{dM{g,~gl) I ~9k e [al], ~gl e [gl]}- 

Thus, no matter what representatives G [g^] and gl £ [gl] we choose, 

lim d^iglgl) > e > 0. 

K— >00 

So Theorem 5 .251 implies the statement immediately. □ 



We have thus given one interesting application of our main result. We close the thesis 
with some brief comments about the above theorem. Of course, this theorem is consider- 
ably weaker than the picture for hyperbolic metrics in two regards. Firstly, the convergence 
notion that one takes for hyperbolic metrics (which we have not given explicitly here) is 
stronger than cj-convergence. Secondly, the class of limit metrics is very bad — our results 
do not rule out that a Cauchy sequence of metrics degenerates anywhere on the surface 
M, whereas a Cauchy sequence of hyperbolic metrics can degenerate only on a finite set 
of simple closed curves, as we saw above. We hope that by exploiting knowledge about 
the conformal structure induced by a sequence of metrics in M, one should be able to 
constrain these degenerations in the limit of a Cauchy sequence — ideally, for well-behaved 
M, restricting degeneration to the "nodes," as the limits of these closed curves are known 
in Teichmiiller theory. Limitations on degenerations also arise from the P-invariance of 
M and the fact that only horizontal paths in M — and not vertical paths, coming from 
families of diffeomorphisms — matter for the quotient M /T)q. However, going deeper into 
these aspects is beyond the scope of this thesis and must be regarded as a future direction 
for study. 

Despite the shortcomings of the above result, we see it as quite useful, as it gives 
relatively strong information about a new class of metrics on Teichmiiller space — namely, 
that their completions can consist only of finite- volume metrics. Furthermore, it illustrates 
the potential for applications of our main theorem and provides a starting point for further 
investigations. 



Metrics and convergence notions 



Riemannian metrics and the distance functions associated to them 

Manifold Metric Distance fnnction 
M ~) d 

{;■) du 
ATt (.,•) du 

Mx (•,•) dx 

Mx eg 

Here, U represents an amenable sub- 
set and N represents a modular section. 



Relations between vEirious notions of convergence and Cauchy sequences 

In the following chart, we illustrate the relationships between the different notions of 
Cauchy and convergent sequences on M.. We let {gk\ be a sequence in M. and g E Mf. 
A double arrow ( ) between two statements means that the one implies the other. A 
single arrow (" — >") means that one statement implies the other, assuming the condition 
that is listed below the chart. 



{lJ.g^^} converges 
weakly to Hg 



{gk} is a.e. 
^f- Cauchy 


1 


{gk} is 

9M-Cauchy 


< 


{gk} is 

d-Cauchy 


4 

> 







{gk} a;-converges 
to g 



{gk} L^-converges 
to g 



Voi(y,5fc)-.Voi(y,5) 

for Y measurable 



(1) After passing to a subsequence 

(2) If there exists an amenable subset U such that {gk} C U, then there exists some 
g such that the implication holds 

(3) If there exists a quasi-amenable subset U such that {gk} C U 

(4) After passing to a subsequence, there exists some g e Mf such that the implica- 
tion holds 
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List of frequently used symbols 



Symbol Meaning 



Location in text 



A 

A-ip 

c\{U) 

d 

du 
dx 

End(M) 
9 

Hg 

9 

V 

M 

M 

M' 

M}" 

Mf 



6.1.2 



TUT 



The pull-back action S x D ^ S p. 16.1.2 

The linear map A(-, ip) : S ^ S 

The closure of the subset U C. M. in the C°° 
topology of 5 

The Riemannian distance function of {Ai, (•, •)) 

The distance function induced by d on the com- 
pletion of an amenable subset U 

The Riemannian distance function of {Mx, ■)) Definition 

The endomorphism bundle of the manifold M p. 23 

From Section [2.6| of Chapter [2] onwards, a fixed, Convention 
smooth reference metric 



Definition 2.36 p. 41 
Definition 



4.38 



P- 



89 



4.8 



P- 



75 



2.51 
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The horizontal tangent space for the bundle 
M-i M-i/Vo at g 

The horizontal tangent space for the bundle Ai — > 
M/Vo at g 

The horizontal tangent space for the bundle M — > 
M/Vq at g 

A diffeomorphism Ai^ x V ^ Ai 



p.fTT? 



p. 6.2.2 



Equation 
Definition 



2.32 



The length of the path at in Aix with respect to 
the Riemannian metric (•, •) 

The length of the path at in Aix with respect to Definition 
the Riemannian metric (•, •)^ 

The base manifold, a smooth, closed, finite- 
dimensional manifold. 



4.8 



4.8 



43 



75 



75 



Convention 2.8 p. 23 



The Frechet manifold of smooth Riemannian 
metrics on M 

The Hilbert manifold of Riemannian metrics on 
M with coefficients (for s > n/2) 

The set of L-^-sections of S'^T*M that are a.e. pos- 
itive definite 

The set of measurable semimetrics on M with 
finite volume 



p. 38 



p. 38 



Definition 



3.18 



65 



Definition 2.60 p. 2.60 
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LIST OF FREQUENTLY USED SYMBOLS 



Symbol Meaning 



Location in text 



Mf 

Mm 
Mm 

Mf, 
M, 

M-i 

MCG 

n 

N 

p 

V 

n 
s 



St 

SJ 



r 

tV~g 
U 



Definition 

Definition 
Definition 



Equation (2.26), p 



p. 113 



p. 6.1.1 



Convention 
Convention 
Convention 



The quotient Mf formed by identifying semi- 
metrics that differ only on their degenerate sets 
and a nuUset 

The set of measurable semimetrics on M 

The quotient oi Mm formed by identifying semi- 
metrics that differ only on their degenerate sets 
and a nuUset 

The Frechet manifold of metrics inducing the vol- 
ume form fi 

The manifold of positive-definite symmetric 
(0, 2)-tensors at x £ M 

In Chapter [6] the manifold of hyperbolic metrics 
on M 

In Chapter |6j the mapping class group V/Vq of 
M 

The dimension of the base manifold M 
A fixed modular section 

In Chapter [6j the genus of the Riemann surface 
M 

The Frechet manifold of smooth, positive func- 
tions on M 

The moduli space of a Riemann surface of genus 
p>2 

The Frechet space of smooth, symmetric (0, 2)- 
tensor fields on M 

The Hilbert space of symmetric (0, 2)-tensor 
fields on M with coefficients 

The vector space of symmetric (0, 2)-tensors at 
X e M 

The singular set of a sequence {gk} C M Definition 

The set of pure trace tensors (w.r.t. g) p. IS 

The set of (7-traceless tensors 

The set of traceless, divergence-free tensors 
(w.r.t. g) 

The Teichmiiller space of a Riemann surface of p. 112 
genus p >2 

The 5-trace of a tensor or product of tensors Definition 



4.26 



84 



4.4 



4.4 



74 



74 



42 



Equation (2.25), p. 40 



2.8 



6.13 



6.1 



P- 

P 

P 



23 



120 



111 



p.m 



p- 



38 



p. 2.5.2 



2.58 



P- 



52 



P- 
P- 



S3 



P-ITTS 



2.34 



P- 



40 



Usually denotes an amenable or quasi-amenable 
subset of M 

The L^-completion of the set U C M (i.e., the 
completion with respect to || • \\g) 



Definition 3.10 
Definition 5.10 



Definition 3.18 



p. 



101 



p. 65 



LIST OF FREQUENTLY USED SYMBOLS 
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Symbol Meaning 



Location in text 



Va 



X 
X 

X 



pre 



{9k} 



dM 

TT 

el 

By 

n 

(t) 



(•,•) 



p.fT^ 



2.57 



The vertical tangent space for the Po-action at p. |114 
g£M 

The precompletion of a metric space X 
The completion of a metric space X 
The degenerate set g £ ^A 
The degenerate set of a sequence {gk} C M. 

A local submanifold passing through g forming a Theorem 6.5 p. 114 
nonlinear chart for M^i/Dq 

For a an n-form and /i a volume form, the unique Equation (2.14), p. 27 



Definition 
Definition 



2.58 



function with the property that a = 

The boundary of Ai in the C°° topology of S 

The volume form induced by a metric g 

In Chapter 6.1 the projection vr : M.-i — 
M-i/Vo 

In Chapter 6.1 , the projection irj^f : J\f M /Vq 



p. 101 



Equation (2.16), p. 
P- 



28 



113 



the projection irj^f : J\f 

A metric (in the sense of metric spaces) defined 
on Mx as the distance function induced by (•, ■)^ 

A metric (in the sense of metric spaces) on ^A 
given by integrating 9l over M 

A pseudometric on ^A given by integrating Ox 
over y C M 



Definition 3.4 p. 57 



Definition 



Definition 



3.5 



3.5 



p. 



P- 



57 



57 



The mapping M. ^ sending an equivalence Theorem 4.47, p. 95 
class of Cauchy sequences to the semimetric they 
w-subconverge to 

The weak Riemannian metric on M and its Definition 2.36 p. 41 
submanifolds 

The LP' scalar product on functions and tensors 
induced from a metric g 

The norm induced from the L? scalar product 
The Riemannian metric on given by the trace Lemma 
The scalar product on Sx given by the ^-trace Definiti 

A Riemannian metric on Mx related to (•, •) by Definition |3.4| p. |57 

{h,kf- = {h,k)gdetG 



Definition [Pel p. |4T 
Equation ( |2.40 ), p 

Definition 



52 



2.36 



P- 



41 



2.35 



P- 



40 



2.34 



P- 



40 
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List of Corrections 



The following is a list of the changes that have been made from the version that was 
submitted in September 2008 to the Mathematical Institute of the University of Leipzig. 

We have not listed the corrections of minor typos that did not affect the mathematical 
consistency of the text. 



P' 

P' 
P' 

P' 

P' 



P' 



IE 
51 



74 

82: 



SStT: 



86: 



[1071 



IT081 



p. [TT9 



Corrected typo in the set notation for the maximal atlas. 

Added condition that (pa = i'alUa to definition of amenable atlas; ad- 
justed proof of Lemma 



2.54 



to reflect this. 



Added remark on dependence of conditions for w-convergence. 



Corrected typos in second paragraph of proof of Theorem 4.20 — all ap- 
pearances of Xg^^ changed to X^g^^ y . 



Added Lemma [4. 28 and Remark 4.30; improved statement and corrected 
proof of Proposition 



4.29 



Corrected typo in proof of Proposition 4.29 in second to last paragraph, 
gf changed to g^. 

Changed statement to reflect that an element of 7W/ may have both 
bounded and unbounded representatives. 



Changed V'('^fc) and ^(Afc+i) in (5.14) to and A^+i, respectively. 
Corrected definition of "L^-orthonomal" in Example 6.12 



133 



